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Abstract: This paper investigates the Augmented Lagrange Function (ALM) based model
predictive control (MPC) strategy for autonomous vehicle trajectory tracking. Firstly, a
linear time-varying error model with measurement uncertainty and dynamic quantization
is established. Measurement uncertainty indicates that vehicle state extraction fails due to
the jittering of sensors during actual driving. The dynamic quantizer, which can adjust the
quantization parameters online, is used to quantize the control input signals. The stability
condition of the closed-loop system is obtained through the Lyapunov function and solved
using linear matrix inequality technology. Then, according to the stability condition, the model
predictive controller is designed by solving a “min-max” optimization problem that is based on
a cost function over the finite time horizon. In order to solve the MPC optimization problem,
the regularized least-squares method with ALM and an online iterative algorithm are explored,
which obtain the analytical solution of the optimization problem. Finally, the effectiveness of
the designed controller is verified by simulation experiments which show that the ALM has a
very accurate computational value.

Keywords: Model predictive control (MPC), Augmented Lagrange Function (ALM),
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1. INTRODUCTION

Autonomous driving technology for traffic accidents pre-
diction is being of great significance to alleviate the safety
pressure of regional traffic management Ye et al. (2023);
Xie et al. (2020); Liu et al. (2022). The continuous de-
velopment of computer technology and artificial intelli-
gence has made the emergence of autonomous driving
technology possible Ning et al. (2021); Gao and Bian
(2021); Fernandez-Llorca and Gómez (2023); Grigorescu
et al. (2020); Kim et al. (2022). The trajectory tracking is
playing an important role in autonomous driving Gao et al.
(2021), and various tracking control algorithms have been
proposed for autonomous vehicles, such as PID control,
fuzzy control, reinforcement learning, and model predictive
control (MPC) Zou et al. (2018); Chen et al. (2022); Liu
et al. (2021); Choi et al. (2021).

MPC is a popular control technique which solves an op-
timization problem at each time step to determine the
optimal control sequence and allows explicit incorpora-
tion of the plant uncertainty in the problem formulation

Kothare et al. (1996). Hence, many works have begun to
use MPC approach to solve trajectory tracking problem.
In order to improve the performance of trajectory tracking,
some practical factors like obstacles, velocity, yaw angle,
rollover, and so on are always considered in MPC op-
timization problems. Guo et al. (2018) studied obstacle
avoidance performance by addressing the MPC optimiza-
tion problem considering the lateral position, velocity and
yaw angle. To improve the path tracking performance
of autonomous vehicles, Wang et al. (2021) designed a
particle swarm optimization algorithm that considered the
lateral offset, the steering frequency and the real-time of
the MPC algorithm to realize adaptive optimization for
the predictive horizon. In Chu et al. (2022), MPC with
PID feedback control law presented improved performance
in tracking accuracy and steering smoothness in vehicle
cornering. To predict and avoid rollover, Ghazali et al.
(2017) limited rollover as a hard constraint in the MPC
problem by using a future error estimation approach. The
authors of Ye et al. (2019) added relaxation factors (soft
constraints) to the MPC optimization problem so that
the speed and steering wheel can be controlled in phase.
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Reference Vu et al. (2021) presented a nonlinear model
predictive controller considering the dynamic constraints
of the vehicle’s physical limitations, the environmental
conditions, and the surrounding obstacles to improve the
ability of autonomous vehicles. Although these investiga-
tions obtained some very nice results, the model predictive
controllers were more complex and therefore difficult to
solve since many factors in autonomous vehicles have been
considered.

In autonomous driving, complex autonomous driving al-
gorithms require communication networks to transmit in-
formation Luan et al. (2020); Jo et al. (2014). However,
the insertion of communication networks may impact the
stability and trajectory tracking accuracy of autonomous
vehicles since the adverse effects introduced by network
may be involved Tang et al. (2024). In order to address
network-induced constraints such as quantization error,
transmission delay, and data dropouts, Chang and Liu
(2022) proposed a robust gain-scheduling H∞ output feed-
back controller. In Gu et al. (2021), a learning-based event-
triggered mechanism was introduced to relieve the burden
of the autonomous vehicle communication network. Refer-
ence Ye (2023) applied the Bernoulli random distribution
approach to deal with data packet dropout and quantized
the output signal with a dynamic quantizer. Zhao et al.
(2022) utilized a generalized lumped delay form to unify
the time-varying data dropout and network-induced delay,
and then a Markovian process is presented to describe the
lumped delay as a stochastic distribution. These studies
provided us with ideas for applying the approach of MPC
in autonomous driving to communication networks. In
a networked environment where both data quantization
and packet loss may occur, MPC needs to ensure robust
stability at each sampling time. Notably, some excellent
methods have been applied to solve MPC optimization
problems with uncertain data and quantization. In Liu
et al. (2020) a regularized method based on the Lagrange
Multiplier Method (LM) was used to obtain the input
with an analytical expression for the least-squares problem
with uncertain parameters of MPC. Although there have
been some good research results in the field of MPC for
autonomous vehicle trajectory tracking, the solutions to
such problems that simultaneously consider both dynamic
quantization and uncertain data are few, especially the
calculation methods that have an analytical expression for
the solution of this type of MPC optimization problem,
which is the motivation for this research.

We focus on improving the computational method for
MPC optimization problem of autonomous vehicle tra-
jectory tracking while considering dynamic quantization
and measurement deviation. The following summarizes the
main contributions of this paper:

1) According to the vehicle kinematic model, a time-
varying trajectory tracking problem based on MPC is con-
structed, containing dynamic quantization and Bernoulli
variables modeled by measurement deviation.

2) The parameters of the dynamic quantizer for the
control input are designed. Then, in order to ensure closed-
loop stability of the system, the dynamic parameters of
the quantizer and the Bernoulli variables are introduced
into the Lyapunov stability condition when designing the

terminal weight matrix of the cost function online at each
time.

3) An online iterative model predictive controller is de-
veloped for time-varying systems, and the “min-max” op-
timization problem is solved by the ALM to obtain the
analytical solution of input that is convenient for calcula-
tion.

The remaining sections are arranged as follows: Section 2
presents the problem and performs modeling. In Section
3, the performance issue involving dynamic quantization
is analyzed. Section 4 gives the results of two different
trajectory numerical simulation experiments. The final
conclusion is drawn in Section 5.

2. SYSTEM DESCRIPTION

2.1 Kinematics Model of Autonomous Vehicle

φ

O X

Y

Fig. 1. Representation of the kinematics model.

In a planar Cartesian coordinate system, the kinematic
relationship of the autonomous vehicle is shown in Figure
1, where φ and δ are the heading angle and the front
wheel deflection angle of the vehicle, respectively. Let
e = [xe ye φe]

T, ue = [ve δe]
T describes the actual state

of the autonomous vehicle, and d = [xd yd φd]
T, ud =

[vd δd]
T describes the desired state. Then, by analyzing

the kinematic relationships, we have:

ḋ =

[
ẋd

ẏd
φ̇d

]
=

 cosφd

sinφd
tan δd

l

 vd (1)

where vd is the desired linear velocity. It is assumed that
there is a virtual ideal path in space, and imagine an
autonomous vehicle that tracks this path. The parameter
x = e − d is the tracking error. Then, we establish an
equation based on error as follows:

ẋ = ė− ḋ =

[
ẋe − ẋd

ẏe − ẏd
φ̇e − φ̇d

]
(2)

The error equation at this point is only a preliminary
result obtained after differentiation, and it is a nonlinear
expression. We can linearize the system by using Taylor
expansion formula. First, suppose f(d, ud) = ḋ, f(e, ue) =



16 Control Engineering and Applied Informatics

ė Chu et al. (2022); Ye et al. (2019); Vu et al. (2021). Then
the first-order Taylor expansion of f(e, ue) is performed at
the ideal trajectory to obtain the following formula:

f(e, ue) =
∂f(d, ud)

∂d
(e− d) +

∂f(d, ud)

∂ud
(ue − ud)+

f(d, ud)

Substitute the above equation into (2), so that (2) is
rewritten in the form of (3):

ẋ =

[
0 0 −vd sinφd

0 0 vd cosφd

0 0 0

]
x+

 cosφd 0
sinφd 0
tan δd

l

vd
l cos2 δd

u (3)

where u = ue − ud = [ve − vd δe − δd]
T. It is evident

that both of the two coefficient matrices in (3) have time-
varying properties.

After receiving the status information about the au-
tonomous vehicle, the controller processes it into control
signals and sends them to the vehicle. In order to facili-
tate the transmission and processing of data, a dynamic
quantizer has been added to the controller. In addition,
inaccurate measurements due to sensor defects and vehi-
cle movements are known as uncertain communications,
which may affect system stability if left untreated. There-
fore, we process this uncertainty by constructing Bernoulli
sequences. After introducing dynamic quantization and
data uncertainties, the state equation is discretized by the
forward Euler method, and system (3) can be converted
to (4).

x(k + 1) = Akx(k) + γ(k)Bkqu(u(k)) (4)

where

Ak =

[
1 0 −vdT sinφd

0 1 vdT cosφd

0 0 1

]
, Bk =

 T cosφd 0
T sinφd 0
tan δd

l

T vd
l cos2 δd

 ,

T is the sample time, and γ(k) = 1 is a Bernoulli sequence
modeled by uncertainty of measurement Ye (2023). Define
γ(k) = 1, if the pose capture is successful; otherwise,
γ(k) = 0. In this paper, the dynamic quantizer qu(u) is
used to quantize the control input U(k).

2.2 Dynamic Quantizer

Assuming x ∈ R is the variable that needs to be quantized.
Usually, what we call a quantizer is a description of a
piecewise function q ∈ R → Ri, and this piecewise function
is a constant function. Therefore, the set R is divided
into a finite quantity of quantization regions of the form
{x ∈ R : q(x) = xi}, xi ∈ Ri. For two positive real
numbers, ∆ and M , the following conditions hold:

|q(x)− x| ≤ ∆, if |x | ≤ M ; (5)

and

|q(x)| > M −∆, if |x | > M (6)

where M and ∆ are the range of the quantizer and the
quantization error, respectively. Among these two inequal-
ities, (5) represents the condition where the quantizer isn’t
saturated, and (6) can be used to detect whether the
quantizer is saturated.

The above two conditions demonstrate a static quanti-
zation method Liberzon (2003). In order to make the

measurement data more accurate, this article considers a
dynamic quantization strategy in the following form:

qx(x) = µq(
x

µ
) (7)

where qx(x) is the dynamic quantizer, and q is one way of
the static quantization mentioned earlier. Subsequently,
the dynamic quantization range and the error of the
quantizer are represented as Mx and ∆x, respectively. The
variable µ > 0 represents the dynamic parameter. Through
analysis, it is found that increasing or decreasing the value
of µ can zoom in or zoom out Mx and ∆x. So that, µ
can also be considered a zoom factor. By the way, the
parameter µ is at the core of the dynamic quantizer, and
we need to design its value based on actual problems. From
(5) and (6), (7) is transformed into a form of error:

|qx(x)− x| ≤ µ∆x, if |x | ≤ µMx

|qx(x)− x| > µ∆x, if |x | > µMx (8)

Similarly, (8) describes the situations of dynamic quantizer
unsaturation and saturation. The parameters µ∆x and
µMx , respectively, represent the boundary of the quan-
tization error and the quantization range boundary. When
the quantizer is not saturated, the signal x is within
the quantization range µMx , and when the quantizer is
saturated, the quantization error will be larger than µ∆x.

Remark 1. In a static quantization strategy, the quantized
level of the quantizer is related to the quantization density.
Since a static quantizer only corresponds to one quan-
tization density, its quantization level remains constant.
The self-designed dynamic parameter µ in the dynamic
quantizer can be adjusted to optimize the quantized level.
Hence, compared to a static quantizer, it can obtain a
larger region of attraction. Here, we will adopt a dynamic
quantization strategy to handle control input.

2.3 Discrete System with Quantization

Substituting (7) into (4), and considering (8), obtain a
system equation considering quantization:

x(k + 1) = Akx(k) + γ(k)Bk [u(k) + û(k)] (9)

where û(k) = µ

(
q

(
u(k)

µ

)
− u(k)

µ

)
, representing the

quantization error of u(k). The variable û(k) is an add-
on to the quantizer.

From the system description, it can be seen that the
tracking error model has been built. The ultimate goal
is to enable the autonomous vehicle to travel along the
ideal track within the site. This problem can be translated
into enabling system (9) to ultimately achieve stability.
This requires the proper control input to be designed. To
solve the stability problem of the system, consider robust
predictive control and write such a cost function in the
form of quadratic as follows:

J(k) =

p−1∑
i=0

[
xT(k + i|k)Q1x(k + i|k) + uT(k + i|k) (10)

Q2u(k + i|k)] + xT(k + p|k)Wx(k + p|k)
where the matrices Q1, Q2 and W in quadratic forms
are the weighted matrices of the item in which they are
located. Q1 and Q2 represent the weights of variable x and
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control variable U(k), and W corresponds to the weight of
the terminal penalty term outside the summation term.
The size of W has a significant impact on the stability
of the system, so it is necessary to additionally solve
the weight matrix W . The parameter p represents the
predictive time domain of the controller. The k + i|k in
brackets indicates the state of the system that predicts
time k + i at time k.

To construct the optimization problem, the Bernoulli se-
quence and dynamic quantization parameter are further
processed here. The probability of successful data trans-
mission is expressed in γ̄. Then γ̄ is the mathematical
expectation of the Bernoulli sequence γ(k). In other words,
E {γ(k)} = γ̄. Furthermore, appropriate dynamic param-
eter µ needs to be designed. Therefore, a robust predic-
tive controller considering dynamic quantization is used
to solve the trajectory tracking problem of autonomous
vehicles, as follows:

Problem 1. Given the probability of successful data trans-
mission γ̄, the dynamic quantization rangeMu, the error of
the quantizer ∆u and the reference trajectory, the optimal
control input of system (9) can be obtained by solving the
optimization problem as follows:

u∗(k) = argmin
u(k)

max
∆u,Mu

E {J(k)}

s.t. (9) and (10). (11)

where

x(k + 1 + i|k) = Ak+i,kx(k + i|k) (12)

+ γ(k + i|k)Bk+i,k(u(k + i|k) + û(k + i|k)).

In order to simplify the calculation, we make the following
assumption:

Ak+i,k = Ak, Bk+i,k = Bk.

Remark 2. We know that classical model predictive con-
trol method requires solving the optimization problem
with LMIs at each sampling time. Hence, the computation
time for each sampling can be very long, especially in
cases where matrix dimensions are large. Since this article
is concerned with trajectory tracking problems, in order
to ensure the real-time performance of the controller, we
will design a predictive controller based on the robust
regularized least squares approach Sayed et al. (2002).

At the end of this section, a definition and a lemma
are given, mainly aimed at the design of the terminal
weighting matrix W and the dynamic parameter µ, and
the computation of the solving process. Design W and µ
based on the following definition:

Definition 1. The system (9) is mean squared asymptoti-
cally stable if ∃S ∈ R2×3, let the terminal weighting matrix
W and the dynamic quantizer qu satisfy the following
inequality:

E
{
∥Ak + γ(k)Bkqu(S)∥2W

}
+Q1 + ∥S∥2Q2

−W (13)

≤ 0, k ∈ [1,+∞)

Lemma 1. (Wang et al. (1992)). ∀a, b ∈ Rn, and X is a
positive definite matrix that has compatible dimensions
with a and b, the following inequality holds:

2aTb ≤ aTXa+ bTX−1b (14)

3. MAIN RESULTS

For the prediction equation in (12), the Bernoulli variable
should have been γ(k + i|k). But because it is an IID
variable, we use a zero-order holder strategy for it: γ(k +
i|k) = γ(k). According to (8), the parameter µ satisfies
the following inequality condition:∥∥∥∥u(k)µ

∥∥∥∥ ≤ Mu

So the dynamic parameter of the quantizer qu(u(k) can be
adjusted to:

µ =
∥u(k)∥
√
αuMu

(15)

where 0 < αu < 1 Zheng et al. (2021), its value needs to be
further determined. And then, for the quantization error
û(k) in system (9), it has:

∥û(k)∥ = µ

∥∥∥∥q(u(k)

µ

)
− u(k)

µ

∥∥∥∥ ≤ µ∆u

Bring (15) into the above inequality:

∥û(k)∥ ≤ ∆u√
αuMu

∥u(k)∥ (16)

(16) is equivalent to:

ûT(k)û(k) ≤ ∆2
u

αuM2
u

uT(k)u(k) (17)

Based on the above derivation, introducing the prediction
equation (12) into the cost function (10) yields a com-
pletely new equality:

J(k) =
∥∥∥Φx(k) + γ(k)F

[
U(k) + Û(k)

]∥∥∥2
Qw

(18)

+ ∥U(k)∥2Q
where

Qw = diag{Q1, Q1, · · · , Q1︸ ︷︷ ︸
p

,W}, Q = diag{Q2, Q2, · · · , Q2︸ ︷︷ ︸
p

},

Φ =


I
Ak

A2
k
...
Ap

k

 , F =


0
Bk 0

AkBk Bk
. . .

... · · ·
. . . 0

Ap−1
k Bk · · · AkBk Bk


and

U(k) =
[
uT(k), uT(k + 1|k), · · · , uT(k + p− 1|k)

]T
,

Û(k) =
[
ûT(k), ûT(k + 1|k), · · · , ûT(k + p− 1|k)

]T
,

uT(k) = uT(k|k), ûT(k) = ûT(k|k)

With the help of Definition 1, the matrix W and the
parameter µ will be designed using the following theorem.

Theorem 1. Consider Problem 1, if ∃W̄T = W̄ > 0, S ∈
R2×3, S̄ = SW̄ and an unknown scalar τ , make the
following linear matrix inequality:

−W̄ ∗ ∗ ∗ ∗ ∗
Π1 −Π2 ∗ ∗ ∗ ∗
BkS̄ γ̄BkB

T
k −Π3 ∗ ∗ ∗

S̄ 0 0 −Q−1
2 ∗ ∗

W̄ 0 0 0 −Q−1
1 ∗

S̄ 0 0 0 0 −τ−1I

 ≤ 0 (19)
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hold, in that way the closed-loop system has mean square
asymptotic stability, where Π1 = AkW̄+γ̄BkS̄, Π2 = W̄−
γ̄2BkB

T
k , Π3 = γ̂W̄ −BkB

T
k , γ̂ =

1

γ̄(1− γ̄)
. The terminal

weighting matrix W = W̄−1 in J(k).

The formation of the LMI in Theorem 1 and the stability
of the closed-loop system will be explained below.

Proof. For uncertain discrete system (9) and performance
metric (10), let the state feedback control law u(k) =
Sx(k) and the uncertain term Bkû(k) = ∆Bku(k), where
∆Bk represents the system indeterminate parameter. The
Lyapunov function is defined as:

V (x(k)) = xT(k)Wx(k).

The closed-loop system is robust and stable if

V (x(k + 1))− V (x(k)) ≤ −
[
∥x(k)∥2Q1

+ ∥u(k)∥2Q2

]
holds. By deformation, the above equation can be equiva-
lent to:

∥Ak + γ(k) (Bk +∆Bk)S∥2W −W +Q1 + ∥S∥2Q2
≤ 0

Consider the existence of a random variable γ(k), here
take the expectation for inequality. In addition, there is
BkŜ = ∆BkS. Thus, the above result can be further
rewritten to the form of (13).

About the dynamic quantizer qu we know: qu(S) = S+ Ŝ,
and the inequality (13) in Definition 1 can be rewritten as:

E

{∥∥∥Ak + γ(k)Bk

(
S + Ŝ

)∥∥∥2
W

}
+Q1 + ∥S∥2Q2

−W ≤ 0

where Ŝ = qu(S) − S. The following inequality can be
obtained by using the same method as:

0 ≥∥S∥2Q2
+ γ̄ (1− γ̄)

∥∥∥Bk

(
S + Ŝ

)∥∥∥2
W

+Q1 (20)

+
∥∥∥Ak + γ̄Bk

(
S + Ŝ

)∥∥∥2
W

−W

According to the Schur complement, the above inequality
can be transformed into the following form of matrix
inequality Xue et al. (2010):

−W̄−1 ∗ ∗ ∗ ∗
Ak + γ̄BkS + γ̄BkŜ −W̄ ∗ ∗ ∗

BkS +BkŜ 0 −γ̂W̄ ∗ ∗
S 0 0 −Q−1

2 ∗
I 0 0 0 −Q−1

1

 ≤ 0

=⇒


−W̄−1 ∗ ∗ ∗ ∗

Ak + γ̄BkS −W̄ ∗ ∗
BkS 0 −γ̂W̄ ∗ ∗
S 0 0 −Q−1

2 ∗
I 0 0 0 −Q−1

1

+


ŜT

0
0
0
0



[
0 γ̄BT

k BT
k 0 0

]
+


0

γ̄Bk

Bk

0
0

 [
Ŝ 0 0 0 0

]
≤ 0

Here we use the deformation of Lemma 1 and come to the
conclusion that (20) is sure to hold if:


−W̄−1 ∗ ∗ ∗ ∗

Ak + γ̄BkS −W̄ ∗ ∗
BkS 0 −γ̂W̄ ∗ ∗
S 0 0 −Q−1

2 ∗
I 0 0 0 −Q−1

1

+


0

γ̄Bk

Bk

0
0

M

[
0 γ̄BT

k BT
k 0 0

]
+


ŜT

0
0
0
0

M−1
[
Ŝ 0 0 0 0

]
≤ 0

where the matrix M is a positive definite matrix. Accord-
ing to (17), there is:

ŜTŜ ≤ ∆2
u

αuM2
u

STS.

As we all know, the identity matrix I also belongs to
the positive definite matrix. For convenience, set M = I.
At the same time, merge the first and second items, and
then substitute the result of the above derivation into the
inequality. If the following inequality

−W̄−1 ∗ ∗ ∗ ∗
Ak + γ̄BkS −Π2 ∗ ∗ ∗

BkS γ̄BkB
T
k −Π3 ∗ ∗

S 0 0 −Q−1
2 ∗

I 0 0 0 −Q−1
1


+

∆2
u

αuM2
u

STS ≤ 0

holds, then it can be concluded that (20) must hold.
Then use the Shure complement once again and define
∆2

u

αuM2
u

= τ . Finally, multiplying both sides of the above

inequality by diag{W̄ , I, I, I, I, I} on the left and right
simultaneously yields (19). By the way, since the two
coefficient matrices Ak, Bk are updated in real time due to
the desired heading angle φd, it is also necessary to solve
the above matrix inequalities in real time.

At time k, the optimal predictive cost function can be
expressed as:

J∗(k) =

p−1∑
i=0

[
∥x(k + i|k)∥2Q1

+ ∥u∗(k + i|k)∥2Q2

]
(21)

+ ∥x(k + p|k)∥2W
The following contractile derivations are made according
to (21):

E
{
J∗(k + 1)

}
− E {J∗(k)} =

E

{
p−1∑
i=0

[
∥u∗(k + 1 + i|k + 1)∥2Q2

− ∥u∗(k + i|k)∥2Q2

+ ∥x(k + 1 + i|k + 1)∥2Q1
− ∥x(k + i|k)∥2Q1

]
(22)

+ ∥x(k + 1 + p|k + 1)∥2W − ∥x(k + p|k)∥2W

}
Since this paper discusses a trajectory tracking problem,
theoretically, the state error at each moment should be
smaller than the previous moment, so the final state error
should approach zero infinitely. According to the theories
of predictive control, the following equality holds:
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x(k + p|k + 1) = x∗(k + p|k), (23)

u(k + i|k + 1) = u∗(k + i|k)
where i = 0, 1 · · · , p − 1. Then, combined with (23),
conduct an in-depth derivation on (22):

E
{
J∗(k + 1)

}
− E {J∗(k)} (24)

≤E

{
p−1∑
i=0

[
∥u∗(k + 1 + i|k)∥2Q2

− ∥u∗(k + i|k)∥2Q2

+ ∥x(k + 1 + i|k)∥2Q1
− ∥x(k + i|k)∥2Q1

]
+ ∥x(k + 1 + p|k)∥2W − ∥x(k + p|k)∥2W

}
≤E

{
∥u∗(k + p|k)∥2Q2

− ∥u∗(k)∥2Q2
+ ∥x(k + p|k)∥2Q1

− ∥x(k)∥2Q1

}
≤0.

At the same time, there is also:

J∗(k) =

p−1∑
i=1

[
∥x(k + i|k)∥2Q1

+ ∥u∗(k + i|k)∥2Q2

]
+ ∥x(k + p|k)∥2W + ∥x(k)∥2Q1

(25)

=⇒J∗(k) ≥ ∥x(k)∥2Q1
≥ ∥x(k)∥

When ∥x(k)∥ → ∞, one has J∗(k) → ∞. According to
Lyapunov’s stability theorem, it can be concluded that
the closed-loop system has global asymptotic stability in
the mean square sense.

Let Y (k) = FÛ(k), then the following inequality holds:

∥Y (k)∥ ≤ ∆u√
αuMu

∥F∥ ∥U(k)∥ . (26)

Assuming f =
∆u√
αuMu

∥F∥, the above derivation can

be summarized as follows: ∥Y (k)∥ ≤ f ∥U(k)∥. Then,
optimization problem 1 can be transformed into:

U∗(k) = arg min
U(k)

max
∥Y (k)∥≤f∥U(k)∥

E {J(k)}

s.t. (12) and (18). (27)

If the above optimization problem has a unique solution,
then the global optimal solution u∗(k) of Problem 1 is
equal to the first term of the optimal control sequence
U∗(k), i.e., u∗(k) = [I, 0, · · · , 0]U∗(k).

Proof. Given the probability of successful data trans-
mission γ̄, the dynamic quantization range Mu, and the
error of the quantizer ∆u and the reference trajectory, the
optimal control input of system (9) can be obtained by
solving the optimization problem as follows:

E {J(k)} =E
{
∥Φx(k) + γ(k)FU(k) + γ(k)Y (k)∥2Qw

}
+ ∥U(k)∥2Q (28)

Remark 3. There is an uncertainty term γ(k) in the nom-
inal data of the cost function, while the optimization
problem in (27) is a least squares problem. As we all know,
if the optimization problem is solved directly at this time,
the robustness of the cost function may be weakened, and
the final solution will be de-regularization. So we first deal
with the random probability by referring to the method

mentioned above: E {γ(k)} = γ̄, and then derive a robust
regularization least squares solution.

Further simplification of equality (28) yields:

E {J(k)} = ∥Φx(k) + γ̄ (FU(k) + Y (k))∥2Qw
+ (29)

∥U(k)∥2Q + γ̄ (1− γ̄) ∥FU(k) + Y (k)∥2Qw

To facilitate the determination of whether the optimiza-
tion problem has solutions, we construct a composite func-
tion here: C (U, Y ) = ||γ̄ (FU(k) + Y (k)) + Φx(k)||2Qw

+

γ̄ (1− γ̄) ∥FU(k) + Y (k)∥2Qw
. Therefore, based on the cal-

culation results of (29), the optimization problem in (27)
can be rewritten as:

U∗(k) = arg min
U(k)

max
∥Y (k)∥≤f∥U(k)∥

[C (U, Y ) (30)

+ ∥U(k)∥2Q
]

For the optimization problem in (30), we first analyze its
function structure. When considering Y (k) as a fixed con-
stant and observing the maximization problem separately:

max
∥Y (k)∥≤f∥U(k)∥

C (U, Y ) . (31)

It is not difficult to find that
(
C (U, Y ) + ∥U(k)∥2Q

)
about

U(k) is convex. Therefore, we can conclude that Problem
1 has a unique global optimal solution U∗(k). Secondly,
considering U(k) as a constant, the maximizing problem
in (31) is also convex about Y (k). So the maximization
problem in (31) will be solved at the boundary: ∥Y (k)∥ =
f ∥U(k)∥. This allows the inequality constraint to be
transformed into an equation constraint.

Remark 4. For optimization problems with constraints,
most previous studies have mostly used the LMI tech-
nique to deal with inequality constraints Kothare et al.
(1996). At the same time, the LM is almost always used
to derive the optimal solution of optimization problems
with equality constraints Sayed et al. (2002). Here we
have converted the inequality constraint into an equation
constraint, which saves a lot of time for solving. In order
to determine the feasible solution more quickly, we use the
ALM to solve the optimization problem.

Using the ALM, (31) is constructed as an unconstrained
maximum problem:

C∗ (U) = max
Y (k),λ

(
σ

2

(
∥Y (k)∥2 − f2 ∥U(k)∥2

)2

+ (32)

C (U, Y )− λ
[
∥Y (k)∥2 − f2 ∥U(k)∥2

])
We use Cσ(Y, λ) to represent its cost. After calculation,
obtain the optimal solutions Y ∗ and λ∗:

(λ∗I − γ̄Qw)Y
∗ = γ̄Qw [Φx(k) + FU(k)] , (33)

∥Y (k)∥2 = f2 ∥U(k)∥2

During the process of solving λ∗, we found that the Hessian
matrix for Y (k) in equation (33) is equal to: γ̄Qw − λI.
In order to ensure the feasibility of the solution, the
Hessian matrix must be semi-negative definite. Hence, the
prerequisite for λ = λ∗ is λ∗I ≥ γ̄Qw. By using the
derivative results in (33), we have:

c (Y ) = ∥Y ∥2 − f2 ∥U∥2 (34)
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where the symbol (λ∗I − γ̄Qw)
†
represents the pseudo-

inverse of λ∗I − γ̄Qw. At this point, the maximization
problem has been solved, and the next step is to solve the
minimization problem. For the convenience of calculation,

let ω(λ) = Qw+γ̄Qw (λI − γ̄Qw)
†
γ̄Qw. So the problem in

(30) is equivalent to the following minimization problem:

min
U(k)

[
C̄(U, λ) + ∥U(k)∥2Q

]
(35)

where

C̄(U, λ) = ∥Φx(k) + FU(k)∥2ω(λ) + (1− γ̄) ∥Φx(k)∥2Qw
+

[λ− σkc(Yk)] f
2 ∥U(k)∥2

Based on the sufficient condition: λ ≥ γ̄ ∥Qw∥. Subse-
quently, the results derived from Sayed et al. (2002) are
used. We ultimately obtain the following theorem.

Theorem 2. Consider a trajectory tracking system (9)
with uncertain parameters. With the probability γ̄,
penalty factor σ0, the dynamic quantization range Mu,
and the error of the quantizer ∆u, the optimal control
sequence is obtained by solving the regularization least
squares problem in (30):(

Q+ [λ∗ − σkc(Yk)] f
2I + FTω(λ∗)F

)
U∗(k) (36)

= −FTω(λ∗)Φx(k)

the weight matrices Q > 0, Qw ≥ 0. When substituting
(36) into (35), the parameter λ is obtained by the following
minimization problem:

λ∗ = arg min
λ≥γ̄∥Qw∥

L(λ) (37)

where L(λ) = f2 [λ− σkc(Yk)] ∥U∗(k)∥2 + ∥U∗(k)∥2Q +

∥Φx(k) + FU∗(k)∥2ω(λ).

It is easy to find that (1− γ̄) ∥Φx(k)∥2Qw
is completely

independent and not affected by decision variables U∗(k)
and λ. Therefore, we construct a new cost function L(λ).
When λ is within [γ̄ ∥Qw∥ ,+∞), the cost L(λ) is unimodal
with respect to λ, meaning (37) has a unique global
minimum.

From the above proof result, it can be seen that the
optimal solution of the system depend on the unknown
terminal weighting matrix W in the cost function J(k)
and the dynamic parameter µ.

To guarantee the effectiveness of the optimization problem
in (27), the smallest L(λ) must be found to determine λ∗.
By solving the LMI in Theorem 1, the dynamic parameter
of the dynamic quantizer µ and the matrix variable W can
be calculated. Then, determine the lower limit γ̄ ∥Qw∥ of
the variable λ. Finally, the values of L(λ) are compared
using an iterative approach. The overall iteration process
of the algorithm is shown in Algorithm 1.

Remark 5. It is worth noting that the trajectory tracking
problem needs to ensure real-time performance in the
actual track tracking process. Using iterative methods to
determine the optimal control input u∗ will inevitably
increase the computational complexity. Because during
iterative calculation, solving a feasible solution to a matrix
inequality will take a lot of time, the size of the prediction
range p also affects the amount of calculation. Hence,
in order to ensure real-time calculation while improving
calculation accuracy, we need to balance calculation time

Algorithm 1 Iteration of robust predictive control with
generalized multiplier.

1: At k=0, set the following parameter values: vd, φd, δd,
l, r, Q1, Q2, T , ∆u, Mu, γ̄, σ0, ρ, ε, η, and x(0).

2: procedure Iteration
3: Make use of Matlab to solve inequality in (19)

under the condition of Theorem 1. When it has feasible
solutions, we obtain W and αu. Use the terminal
weight matrix W to calculate γ̄ ∥Qw∥ as λ1. Then
select the prediction range N , the maximum number
of cycles H. Set h = 1, λ1 (λh) as initialization λ.

4: top:
5: if h < H then
6: Substitute λh into (26) to calculate Uh. Next,

according to the equation for L(λ) in optimization
problem in (37), use the obtained λh and Uh to
compute Lh.

7: goto loop.
8: end if
9: close;

10: loop:
11: if Lh−1 − Lh < η then
12: It is proven that the problem in (37) has an

optimal solution, which is λ∗ = λh.
13: close;
14: end if
15: update the number of iterations: h=h+1. Calculate

Yh according to (33), simultaneously update the nu-
meric value λh=λh+σh−1c(Yh) and the penalty factor
σh = ρσh−1.

16: goto top.
17: end procedure
18: We default to Uh=U∗, cut off the first component of

the control sequence Uh as the input u∗ and substitute
it into state equation (4) in the form of feedback to
update error x(k + 1). Finally, make k = k + 1 and
continue iteration.

and prediction range. In many motion control systems, the
prediction range often adopts the one-step control form of
p = 1 to update the state faster.

4. SIMULATION EXAMPLE

Before trajectory simulation, we use a simple numerical
example to compare the LM with the ALM. Firstly,
establish an optimization problem:

min x+
√
3y,

s.t. x2 + y2 = 1

It is easy to find the optimal solution to this problem as

x∗ =
(
− 1

2 ,−
√
3
2

)T

. The analytical expression calculated

by LM is: L(x, y, λ) = x +
√
3y + λ

(
x2 + y2 − 1

)
. Based

on ALM, we consider the augmented Lagrange function:

Lσ(x, y, λ) = x+
√
3y+λ

(
x2 + y2 − 1

)
+ σ

2

(
x2 + y2 − 1

)2
.

The Contour line of L2(x, y, 0.9) is drawn in Figure 2.
The points marked with “∗” in the figure are the optimal
solutions of the original problem x∗, and the points marked
with “◦” are the optimal solutions of LM or ALM. It can
be seen that the optimal solution of the ALM is closer to
the real solution.
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Fig. 2. When penalty factor σ = 2, the change of Contour line corresponding to the two methods.

Example 1. In this simulation, we assume that there is
a circular trajectory in virtual space. The radius of this
ideal track is 0.8m, and the orbital center coordinate is
O(0, 0, 0). The ideal linear speed that the autonomous
vehicle needs to reach is 0.4 m/s, and the ideal angular
speed is 0.5 rad/s. For circular trajectories, the desired
front wheel deflection angle δd is fixed and unchanged.
This is because the expected angular velocity is a constant
value, and when the ideal state is reached, the front
wheels uniformly deflect during movement. And from the
geometric relationship, we can also draw this conclusion:
tan δd = l/r. The wheelbase of the front and rear wheels l
and radius r are predetermined values, in addition, control
the sampling time to T = 0.1s. So we obtained the
coefficient matrix of the error model:

Ak =

[
1 0 −0.04 sinφd

0 1 0.04 cosφd

0 0 1

]
, Bk =

[
0.1 cosφd 0
0.1 sinφd 0
0.125 0.2125

]
Similarly, the desired heading angle φd also varies uni-
formly in real-time. When initializing, we select the zero-
time error x(0) = [−0.1 − 0.2 0.2]T for the car, initial po-
sition xe(0) = [0.6 0 0]T, weight matrices Q1 = 2I, Q2 =
0.05I, axle length l = 0.2 m, the quantization error
∆u = 1, the range of quantizer Mu = 10, the Bernoulli
probability γ̄ = 0.9, the prediction range p = 2, the cycle
iteration limit number H = 100, the iteration step size

λ̂ = 1, and the coefficient of determination η = 0.01.

In addition, according to (16), to demonstrate the effect of
the dynamic quantizer during simulation, assume û(k) =
∆u cos(k)√

αuMu
u(k). Therefore, the system equation can be

rewritten in the form with coefficients:

x(k + 1) =

[
1 0 −0.04 sinφd

0 1 0.04 cosφd

0 0 1

]
x(k)+

0.9

(
1 +

∆u cos(k)√
αuMu

)[
0.1 cosφd 0
0.1 sinφd 0
0.125 0.2125

]
u(k)

In the MATLAB R2018b simulation environment, based
on the designed robust predictive control algorithm, we
first substitute the corresponding heading angle φd at
that time into inequality in (31) to calculate W and αu.

Then use W and Q1 to calculate γ̄ ∥Qw∥, and use the
forward method to obtain λ1. The maximum number of
iterations for a prediction horizon of 2 is calculated as
hmax = 15 according to the designed algorithm. We use the
solver of LMI feasibility problem to calculate the decision
variables: matrix W̄ and scalar τ . Simultaneously, the
default resolution and precision are used when calling the
solver “feasp”. At each moment, the minimum number
of iterations required for the LMI Toolbox to obtain the
feasible solutions is between 21 and 46. The trajectory
simulation result is shown in Figure 3(a), where the solid
line represents the desired trajectory and the dashed line
represents the actual trajectory of the autonomous vehicle.
The circle represents the starting point of the vehicle. It
can be seen that the vehicle successfully tracks the planned
trajectory and operates smoothly after passing through
approximately one-third of the circle. The state curve of
the entire error system is shown in Figure 3(b), where the
red curve represents the error in the X-axis direction, the
black curve represents the error in the Y -axis direction,
and the blue curve represents the deviation of the heading
angle. Figure 3(c) shows the function curve of the actual
linear velocity and angular velocity, which are calculated
based on the system error x, the control input u, and
the corresponding reference trajectory at each time. It
can be observed from Figure 3(b) and Figure 3(c) that
the autonomous vehicle can reach the ideal state after
approximately 3 seconds, the system error tends to zero,
and the speed matches the reference speed set. Computing
the cost function function from (18), and the convergence
curve of the entire system at each moment is shown in
Figure 3(d).

Based on this, we can conclude that the robust predictive
control algorithm designed for autonomous vehicles can
effectively solve the trajectory tracking problem.

Example 2. This time, we have selected an eight-shaped
trajectory as the reference path. Its equation with respect
to time is xd = sin(0.1t), yd = sin(0.2t). Compared to a
circular trajectory, both the variation of angles and the
control of position are more complex. Firstly, we assume
that the ideal linear velocity of the autonomous vehicle
is 0.2 m/s. Due to the non-uniformity of angle variation,
expressions for both the heading angle of the vehicle and
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Fig. 3. The circular trajectory simulation results.

the steering angle of the front wheel need to be calculated
in advance. By taking the derivatives of xd and yd with
respect to t and then taking their ratio, we obtain the
equation for the slope of the curve, which corresponds to
the heading angle of the vehicle. Finally, we can calculate
the steering angle of the front wheel and the expected
angular velocity at the corresponding time. The relevant
functions calculated are as follows:

dyd
dxd

=
2 cos(0.2t)

cos(0.1t)
= tanφd

ωd =
dφd

dt
= 0.1 tan(0.1t) sinφd cosφd

− 0.8 sin(0.1t) cos2 φd

δi =arctan(
lωi

vi
), i = d, e.

Similarly, we set an initial error state and starting point for
the vehicle: x(0) = [0 −0.25 2.2]T, x(0) = [−0.2 −0.8 0]T.
In addition, the remaining parameter conditions are the
same as those in Example 1. The final simulation results
are shown in Figure 4.

From Figure 4(a), it can be seen that the autonomous
vehicle is able to smoothly track the reference trajec-
tory and subsequently travel stably along the path. From
Figure 4(b) and Figure 4(c), it can be determined that
when the desired linear velocity is set to 0.2 m/s, it takes
approximately 3 seconds to catch up with the reference

trajectory. As can be seen from Figure 4(d), the stability
curve is very smooth. Furthermore, the curve eventually
converges to 0. By conducting simulation experiments on
these two cases, it can be observed that the proposed
regularized robust predictive controller, which takes into
account uncertainties and dynamic quantization, is effec-
tive in tracking paths.

5. CONCLUSION

This paper investigates an error control problem in tra-
jectory tracking for autonomous vehicles. To begin with,
a linear time-varying error model is established based on
the vehicle kinematic model. Considering the bias in prac-
tical information measurements, a Bernoulli probability
is introduced, and a quantization strategy for dynamic
parameter updates is adopted. Subsequently, a quadratic
cost function is constructed, and a terminal weight matrix
is designed in the penalty function to ensure the Lyapunov
stability of the system. In this way, the error control
problem is transformed into a predictive control problem
with LMI constraints. To address the uncertain parameters
in the model, a regularized least squares method is used
to solve the optimization problem. After calculating the
terminal weight matrix that satisfies the system for the
asymptotic stability of the mean square at the correspond-
ing time, the optimal control law is obtained through
online iteration to update the system state. Finally, the
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Fig. 4. The eight-shaped trajectory simulation results.

feasibility of the proposed algorithm is verified through
two simulation experiments.

The results indicate that the accuracy of the model is
guaranteed with the addition of the dynamic quantizer,
but it also increases the computation time and reduces
the real-time performance of the controller. If the LMI
constraints can be solved offline Liu et al. (2020), it may
be possible to achieve a better balance between these
two factors. In future research, it may be possible to
draw on improved MPC algorithms such as nonlinear
MPC Vu et al. (2021) and model-reference adaptive MPC
L’Afflitto and Blackford (2020) to address uncertainties
and disturbances in practical problems. However, it should
be noted that these methods are not directly applicable to
trajectory tracking issues. Careful consideration needs to
be given to how these ideas can be borrowed. Thus, this
challenge remains obstructive and persistent.
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