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Abstract: This paper proposes Coordinate Descent Augmented Lagrangian based methods for solving
linear and nonlinear Model Predictive Control (MPC) problems. The augmented Lagrangian relaxation to
handle the equality constraints over the dynamics of the systems is used and dual accelerated gradient
method based on inexact dual gradient information for solving the corresponding dual problem is applied.
Then, three algorithms that solve the inner subproblem that arises from minimizing the Augmented
Lagrangian are presented: the coordinate descent method, the accelerated proximal coordinate descent
method and the restarted accelerated coordinate descent method. A detailed comparison between these

methods is provided on several test cases.
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1. INTRODUCTION

Model Predictive Control (MPC) is widely used in today’s
process industry due to its ability to handle constrained,
multivariable control problems. The optimization methods
used to solve MPC problems in real-time are divided into two
separate categories: implicit and explicit MPC (Kvasnica,
2016). In implicit MPC, the control problem is solved in a
sequence of steps, starting with the initial condition in each
step. At run—time, these steps are combined to form a complete
process. In explicit MPC, each section of the state space is
divided into a set of sections, and the optimal control solution
is performed in each section at design — time. At run — time,
this process consists of a sequence of steps that start with the
initial condition and end with the complete solution
(Bemporad et al., 2002)

For linear systems, the MPC problem is usually posed as a
convex quadratic problem (QP). Having the theoretical
foundation of quadratic programming established in (Frank
and Wolfe, 1956), many numerical techniques have been
developed in the optimization literature by effectively
exploiting the structure present in this class of problems. In
general, we can classify algorithms that solve quadratic
programs into three categories: active set methods, interior
point methods, and (dual) first order methods.

Active set methods are based on the simple remark that solving
a quadratic problem with equality constraints is equivalent to
solving a linear system of equations. Therefore, at each
iteration of such a method one needs to solve a linear system
and update the active set (the term active set refers to the subset
of constraints that are satisfied as equalities by the current
estimate of the solution). Since the numerical complexity per
iteration is cubic in the problem dimension, active set general
purpose solvers work well for small- to medium-sized
quadratic problems. A primal active set solver is implemented
by Matlab's quadprog function.

Interior point methods eliminate the inequality constraints
from the problem formulation, by adding a barrier term in the
objective function to penalize the violation of the inequality
constraints. The nonlinear convex problem that results from
using a logarithmic barrier term is typically solved using the
Newton method. Interior-point solvers are also the norm for
small- to medium-scale QPs since the iteration complexity
increases cubically with the dimension. For specific large-
scale applications, however, structure-exploiting interior point
solvers have also been developed. Large-scale structured
quadratic programs have been the subject of a parallel interior
point code developed in (Gondzio and Grothey, 2007).

First order methods compute a step toward the unconstrained
problem's solution and then project this step onto the feasible
set at each iteration, using just gradient information. Primal
first order methods can be used to solve convex QPs with
simple constraints. In this instance, a matrix-vector product
represents the primary computational effort at each iteration.

Code simplicity is a demanding criterion for industrial MPC
applications, particularly in applications that are safety-critical
and require easy maintenance and verification of the code. In
this regard, first-order methods (like projected gradient) are
quite appealing due to their straightforward embedded
implementations, as opposed to interior-point and active-set
methods, which may necessitate more challenging linear
algebra operations such as solving linear systems or effective
matrix factorization operations to exploit the MPC structure,
(Bemporad, 2018). On the other hand, Augmented Lagrangian
methods (ALM) are particularly adequate for solving
constrained optimization problems. They are similar to penalty
methods in that they add a penalty term to the objective and
also Lagrange multipliers, (Nedelcu et al., 2013). Although
they are not identical, the augmented Lagrangian and the
Lagrange multiplier approaches are linked, (Hestenes, 1969).
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1.1 Contributions

For linear MPC we also use the augmented Lagrangian
framework to move the constraints comings from dynamics
into the cost and apply the accelerated gradient algorithm to
solve the augmented dual problem, which we call the outer
problem. However, for computing the augmented dual
gradient one needs to minimize the augmented Lagrangian, we
call this the inner problem. For minimizing the augmented
Lagrangian we consider variants of coordinate descent.
Coordinate descent methods have attracted a lot of attention
lately, due to their use in machine learning, as observed for
example in papers (Hsieh et al., 2008; Chang et al., 2008;
Richtarik and Takac, 2016; Necoara and Clipici, 2015). In this
paper, we exploit the structure arising from linear MPC
formulation when applying accelerated dual gradient in
combination with coordinate descent.

More precisely, the MPC problem to be solved is first
transformed into quadratic programming (QP) form, with
equality and bound constraints. Therefore, we solve the QP
problem using the accelerated gradient method for minimizing
the augmented Lagrangian problem (outer problem), see
(Kang et al., 2015). Because the Hessian matrix of the
corresponding augmented dual function is almost in block
diagonal form, we propose to solve the subproblem using
various coordinate descent methods. Accelerated coordinate
descent methods are not so well known in the control
community, thus we show how efficient and fast these
methods can be in the context of linear MPC. In particular, for
solving the inner subproblem we use three methods: random
coordinate descent method (Nesterov, 2012), accelerated
proximal coordinate descent method that is relevant in the
context of strongly convex problems and requires knowledge
of the strong convexity constant of the objective function (Lin
et al., 2014) and the restarted accelerated coordinate descent
method developed in (Fercoq and Qu, 2020), which does not
require knowledge of the strong convexity constant of the
objective. For these three algorithms we consider two cases,
the scalar case and the block case. The coordinate descent
method for the block case has already been discussed in (Wu
and Bemporad, 2022) and we propose accelerated variants,
which turn out to be faster. These algorithms are applied on
seven dynamical systems, five linear and two nonlinear,
namely AFTI — 16 aircraft, helicopter system, mass — spring
system, inverted pendulum system, four rank system, a
wastewater treatment plant with activated sludge (WWTP) and
an adiabatic continuous stirred tank reactor (CSTR).

The paper is organized as follows: in section 2, we present the
MPC formulation, in section 3 we elaborate the augmented
Lagrangian method that solves the outer problem and section
4 includes the three coordinate descent methods we chose to
solve the inner problem. Section 5 presents the descriptions of
the seven systems as well as tables containing number of
iterations for the inner and outer problems and the CPU time.

1.2 Notation

In this paper, we use the following notations: M >0 (M >
0) denotes positive definiteness (semi — definiteness) of a
square matrix M, VT denotes the transpose of V, where V is a

vector or a matrix, ||v||, represents the Euclidean norm of
vector v, ||v||3, = v"Wwv for a given W > 0, [vi]?bbii is the

ubi, Vi > ubi
projection operator, [vi]#’ii = v, lb; <v; < ub;.
lbi, v; < lbl

2. MODEL PREDICTIVE CONTROL

In this section, we present the MPC problem for tracking and
the reformulation as a QP problem following the steps in (Wu
and Bemporad, 2022). The MPC problem is:

o1 - 1 1
min S5 ycen = Vil + 51 = Vil + 5 Iy,

st. Zyp1 =A,z, +Byv, Vk=0,N-1
Yi+1 = CyZpyq, Vk=0N-1
Vi = Vg + Uy, Vk=0,N—-1
b, < z, < ub,, vk=1,N ¢y
lb, < v < ub,, vk=O0N-1
lb, < u, < ub,, vk=0N-1
Zg=12, V_{=V,

where z, € R™ represents the state vector, v, € R™ is the
input vector, y, € R™ constitutes the output vector, u; =
vy — Vj_q is the vector of input increments, yy,, and vy, are
the output and input reference points, z and v denote the initial
values for the state and input vectors. In order to simplify the
notation, we reformulate the general problem (1) as follows:

N
1 1
minzz sE(CTWC) s —sE(C™Wr,) + Eu£-1Wuuk—1
Sk
k=1
s.t.  Sp+q = Asy + Buy, Vk=0N-1
lbg < s, < ubs, vk=1N
b, < u, < uby, Vk=0N-1

SO_[V—l]'
Ehaeft Eho- [
A S I i T

c—[cy 0] W—[Wy 0] d1 bound b, i
= 0 Inv , = 0 VVV , an OWEr boun s 1S

Zk
where s;, = [Vk—1]’ T =

formed the same as the upper bound, i.e. ub; = [ZZZ ] Further,
v

we denote by x € R¥N*™r, with n, = n, + 2n,, the decision
variable that includes the state and input variables, as well as
the vector of input increments over the entire prediction
horizon N:  x = [ul, sT,ul, sT,..,uf_;, si]T € RN>"x,
Then, the inequality constraints on state and input variables
become:

<s, < =1N
lbb<x < ub @{ Ibs < s < ubs, Vk 1'N_.
Ib, <uy < ub,. Vk= 0,N—1

Thus, at each step, the MPC problem can be written as the
following quadratic problem (QP):
min%xTHx +fTx
X
s.t. lb<x < ub @)
AggX = beg,
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where H = H" > 0,H € R™", n=Nn,, f € R", 4, €
RNMz+mo)xn gnd b, € RN (*z*™), The matrices have the
following forms:

R 0 - 0 O —C™Wr,
0 Q - 0 0 _ r

H=|: : -~ = : {R_M/u f= —C'Wr
- . . * . B _ T ) - .
0 0 ~ R 0| @=CWC T=

0 0 - 0 Q —CWry

A3)

B -1 0 O 0 0 O —As,

0 A B -I 0 0 O 0
Aeq =1 : : : : : e beq :
0 0 0 O A B -I 0

Remark 1: Matrices A,, B, C,, W,,W,,W,, as well as the
upper and lower bounds on z,v,u may change at each
controller iteration.

Nowadays, we are dealing with fast systems where the
controller must be compiled rapidly and thus efficiency is
highly required. In this context, we propose three algorithms:
classical coordinate descent method, accelerated proximal
coordinate descent method and restarted accelerated
coordinate descent method. All three methods are used for
finding solutions for the inner problem considered and are
presented in the next section.

3. NUMERICAL SOLUTIONS FOR THE OUTER
PROBLEM

In this section, we present an efficient algorithmic framework
for solving (2), based on augmented Lagrangian (AL) and
coordinate descent (CD). Taking into account the constraints
of problem (2), primal methods cannot be applied since
projection onto the feasible set is difficult. Hence, we consider
using dual methods and one of the most efficient is the dual
fast augmented Lagrangian method. Thus, let us give the
expression for the bound — constrained Lagrangian function
L: X XR'"> RwithX={lb<x <ub}:

LX) = SxTHx + fTx + AT(Aeqx — beg), (4)

where A € RN (z*™) s the vector of Lagrange multipliers
associated with the equality constraints in QP (2). Thus, the
dual problem of (2) is:

max d(d) = max min L(x,7) 5)
The downside is that, in general, the function d(A) is not
differentiable (Bertsekas, 1997) and thus any subgradient
method employed for solving (5) would have a slow
convergence rate. Therefore, we use the augmented
Lagrangian function

L,(x,N) = %xTHx + fTx + AT(Aegx — beg)
+§"Aeqx - beqHZ (6)

instead, where p > 0 is a penalty parameter. The dual
augmented Lagrangian problem becomes:

max d,(A) = max Lrél}l L,(x, 1), 7

where d, (1) is differentiable function if H + pAgzAeq > 0.
The dual problem (5) and the augmented dual problem (7)
share the same optimal solution (Bertsekas, 1982). The
objective function of the dual problem (7) is concave and has

Lipschitz continuous gradient with Lipschitz constant %
(Bertsekas, 1997; Nesterov, 2005):

Vdp(l) = AeqX*(A) - beqa (®)
where x*(4) is the notation used for the optimal solution for
the inner problem,

min L,(x,2) ©)

for a given A. Note that the inner problem can be written in the
following form:

Ly, ) = sxTHx + f(A)x, (10)

where H = H+ pAl,A,, and F(A) = f+ AL, A—
pqubeq (see (6)). Notice that matrix H has a block sparse
structure of the following form (Wu and Bemporad, 2022)

P, Y, O 0 o - 0 0 07

Y Y3 Ya Ps O o+ 0 0 0

0 Z Y Y 0 0 0 0

T T

= |9 Vs Ve Ve e 000 )

0 0 0 0 0 1!’3 1!’4 1/)5

0 0 0 0 0 - T Y, Y,

| 0 0 0 0 0 - 1/)5T T Yl
with:

¢1: R+PBTB,¢2: _PBT>¢3= Q+p1+pATA>
¢4:pATB’lp5: _pAT’lrbG: Q+p1

The augmented Lagrangian algorithm has the following
iterations, Bertsekas (1982):

(12)

Aks1 = A + (Aequ+1 - beq)- (13)

As demonstrated in (Bertsekas, 1982), the convergence of the
augmented Lagrangian algorithm can be ensured for a large
range of values for the penalty parameter p. More specifically,
the larger the value of p, the faster the algorithm is to converge,
but the harder subproblem (12) is to solve. This happens
because of the larger condition number of the Hessian matrix
for subproblem (12). The convergence rate of the augmented

Xi41 = argmin L, (x, 4;)
xX€X

Lagrangian algorithm is O G), as shown in (He and Yuan,

2010). In order to boost the speed of the algorithm, we choose
to work with the accelerated version of the augmented
Lagrangian method, (Kang et al., 2015). The convergence rate

of the accelerated augmented Lagrangian method is O (tiz) for

linearly constrained convex programs, by using Nesterov’s
accelerated gradient method. The accelerated augmented
Lagrangian method is presented below:
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AALM (Accelerated Augmented Lagrangian Method)
(Kang et al., 2015)

Input: x, € X, A, € initial guess, p >0
penalty parameter, T maximum number of iterations for the
outer problem, &,,,; outer accuracy

RV (nz+ny)

1. setty=1,vo= A
2. fort = 0:T—1do

2.1. x, = argmin £, (x, v;)
X

22,441 =V + p(Aeqxt - beq)
2.3, if [[Apsq — vell5 <

1+ /1+4r§

2

-1
25.Ve1 = A + Trt_ (Aer1 — Ae)
t+1

Eout Dreak

2.4. Tey1 =

3. end

Note that in step 2.1 we need to solve the strongly convex inner
subproblem (see (10)). Since d, is concave and smooth, the

convergence rate for the previous algorithm is O (tiz)

4. NUMERICAL SOLUTIONS FOR THE INNER
SUBPROBLEM

Note that the inner subproblem has the following form:

I)}’IEIJICI Ly(x,v) = %xT}[x +#W)Tx (14)
where H > 0. Hence, the cost is strongly convex and the
strong convexity parameter is the minimum eigenvalue of 7,
U = Apin (F). There are problems where finding the strong
convexity parameter is difficult, as well as cases when the
value can be easily computed. Thus, we propose three
solutions that cover these cases: coordinate descent method,
accelerated proximal coordinate descent method and restarted
accelerated coordinate descent method. We adapt these three
algorithms for two cases: the scalar case, where we minimize
problem (14) along one randomly chosen coordinate direction
at each iteration, while keeping the other coordinates fixed and
the block case, where we update block components of the
states and controls of the system, in cyclic reverse order.

In the scalar case, the whole matrix # is required as an input

variable, whereas for the block case we need form (11) of this

matrix. More specifically, we use 1, Py, Y3, Py, Ps, Pg. For
Z

the block case, recall notation s;, = , thus x;, becomes

k-1
U

X = [ ’;k 1] and therefore calculate sy, uy_, ..., S, Ug. Keep

in mind that the Lipschitz constants are Ly = ||Ygll, Ly—1 =

Ly, =-=Li=|[Yslland Ly_, = Ly, = ...Lg = |[4]l.

For this case, we use the reverse cyclic rule in order to make

use of the fact that shifted previous optimal solution is used as
a warm start.

4.1 Coordinate descent method

The coordinate descent method (Nesterov, 2012), is presented
in both scalar and block form and it is adapted to problem (14).

Note that for the CD method, the value for the strong convexity
parameter is not required.

CD (Coordinate Descent Method for the scalar case)

Input: x°€ R™, ve RVN®zt™w) T, . number of
iterations, &;, inner accuracy, M number of points to consider
for stopping criteria.

1. for? =0:Tipper — 1
1.1.i = randi(n,, 1)
ub?
1.2, x;%tt = [ - —(Il-[ xt+ 4 (v)")]

13.x/" =xf,j#i

. P—k+1 _ bk 2) ]
1.4. 1fk=mm?4x_1(||x L _xH7) > e

break
2. end

In the step 1.1 of the CD algorithm, we generate uniformly
random an integer for accessing an index in variable x. In the
following step, we compute a gradient descent update and
project onto the interval constrain, which can be done easily
(see subsection 1.2.). We start checking the stopping criteria
over the last M iterations by looking at the maximum distance
between two consecutive calculated points. This strategy for
the stopping criteria is applied to all following algorithms.
Further, the cyclic block case version of this algorithm is
presented:

CD BLOCK (Coordinate Descent Method for block case)
Input: x° € R™, R¥(Mz*™w) T number of iterations,
Y1, Y2, Y3, P4, s, P (see (11)), €, inner accuracy, M.

1. for £ =0:Typer — 1
11 s§tt = [z*’ — o (WEshioa + WTufiy + Pesh +
N

uby
o),
1.2, ultt = [u,{,_l — g (WFshoy g+

ubN 1

Yosk + Fu- 1(V))]

1.3.fori =N—1:2 do

13.1. st =[ (lle sty +youl_ g +

ub;

Yast + paul +pssty, + #l(v))]

132, ultl= [uf_l —u—(wlsf_z +
ubj_q
Yaul_, +ysty + Fi 1(V))]
1.3.3. end
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1
14 Sf+1 = I:Sf _E(lpzuo + lp351

baud+psst + )]

1.5. ugtt =

1 ubg
[ug - E(l/hug + szf + ‘Ifo(V))]
1bg
2
1.6. if max (||x€_k’r1 — xt7K|| ) > &in
k=0:M-1

1.6.1.
2. end

break

Note that the algorithm converges linearly in both cases, since
the QP subproblem is strongly convex and smooth.

4.2 Accelerated proximal coordinate gradient method

The accelerated proximal coordinate gradient (APCQ)
method, derived in paper (Lin et al., 2014), is presented in both
scalar and block form and it is adapted to problem (14). Note
that for applying the APCG method, we need to know the
value for the strong convexity parameter p.

Assumption 1 (Lin et al. (2014)): There exists ¢ > 0 such
that V x,w € RMx the following holds:

L,(w) = L,(x) + (VL) w —x) + g llw — x]I2.

Taking into consideration all of the above, the APCG
algorithm (random scalar variant) is presented in the following
form:

APCG (Accelerated Proximal Coordinate Gradient)

Input: x°€ R™, ve RV™ztw) T, number of
iterations, strong convexity parameter u >0, ¢&; inner
accuracy, M
1. setdp?=x°wl=x°0a= Je
Nx
2. forf =0:Typer — 1
2.1, witt = Xred
o 1+a
22. ¢ = (1 — a)p? + aw?t?
2.3. i =randi(n,, 1)
230, Ly = |3
232, ¢t = [¢i" o Gw 4
£0)0)
233, x*l=wil 4 na(p - ¢f) +
nva(W{’ _ y€+1)
- £-k||?
2.4.if max (”x L x| ) > &
2.4.1. break
3. end

The following is the version of APCG for the cyclic block
case:

APCG BLOCK (Accelerated Proximal
Gradient for block case)

Input: x°€ R™, ve RVN™zt™w) T, . number of

iterations, Y1, Y5, W3, P4, Y5, Py (see (11)), &, inner accuracy,
M.

Coordinate

1. setp?=x" wl=x%a=

2. forf =0:Typer — 1

2.1. w? M
1+a
22,9 = (1 — )¢ + aw?*?

1
23,5541 = sk = e (WEshoy + Wl +

uby
et + 00|
24 uN_1[+1 = I:uN—lf - ﬂtZLu (lp‘l— SN 1 +
ubn-1
YiUl_q + YoSk + Fu- 1(V))]
Ibn-1
25.fori=N—-1:2do
25.1. sg"“ = [sf - Ls(wéf Sioa +

1,[’ 1t 1!’35 + 1/)4u +¢551+1 +

ub;
ﬁmﬂ
Lb;
2.5.2. uf+11 = [uf_l naLu (l/) Sl.[ 2 t
ub;_q

bk st )|

2.5.3. end
2.6. 5,1 = [ = LS (Wiug + wsst +
Yol +psst + )]
1
1
2.7. upttt = [uof ek (Y1uf + s +
ubg
fo)],,.
PRas
Uyt
78 ¢)[+1 — Slf+1
uN—‘1{+1
syt
2.9, x{’+1 — W{’+1 + nxa(¢f+1 _ ¢{’) 4+ nxa2(¢£’ _
W€+1)
. o—k+1 _  0—k||? ,
2.10. 1fk=rn0:aMx_1 (”x X || ) > i
2.10.1. break
end
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Note that the APCG method for minimizing strongly convex
functions achieves faster linear convergence rates than
coordinate gradient methods.

4.3 Restarted accelerated coordinate descent method

(Fercoq and Qu, 2020) considers a restarting strategy for the
accelerated coordinate descent method. We present it for both
the scalar and block case and adapt it to problem (14). Note
that for applying the APCG method, we do need to know the
value for the strong convexity parameter p, while in the
restarted version below we do not need p.

APPROX (Accelerated Parallel and Proximal Coordinate
Descent Method)

Input: x° € R™, v € RN (z+m)
iterations, &;,, inner accuracy, M.

Tinner number of

1. setm®=x%0"= —
Ny

2. for € =0:Tyuer — 1
2.1y = (1-6%)x" + 0'm*
2.2.i=randi(n,, 1)

220, Ly = |3y
1
222, mtt= [mﬂ ~ g Ly +
M)ﬂM

223, xMt =yt 4 0f(mttl
_cp?
23 gert _ 4OV HHOY-@Y
3. .

- x‘)"‘”z) > &,

— m[)

24.if max ([lxf7k+
k=0:M—-1

24.1.
3. end
The following is the version of APPROX for the block case:

APPROX BLOCK (Accelerated Proximal Coordinate
Gradient Method for the block case)

Input: x°€ R™, ve RV®+™w) T, . number of

iterations, Y1, Yy, Y3, Y4, Y5, Py (see (11)), &;,, inner accuracy,
M.

break

1. setm®=x%0°= L,n = 2N

Nx
2. forf =0:Typper — 1
2.1y = (1-0")x" + 6'm’

41 _ | ot 1 Tt T, ¢
2.2. sy = [SN e Ls (Wssy-1 +Youy_, +

Yesk + Fu (V))]

by

4+1 [1
23 uN—l = [uN—l - 9€T]Lu (lp‘l- SN 1 +

uby—1

¢1u1{1—1 + 1,02516 + ’ﬁN—l(V))]

Iby-1
24 fori=N—-1:2do
sitt = [5 _9[ 5 (wist, +
lpz ul 1 + l/J3SL + l/)‘l-ul +1/J551+1 +
f)]
1b;

24.1.

I3 — £
2.4.2. Uu; +11 = [ui—l B[nLu (l/)4_ Si-2 +

ubj_q

lplul 2 + lpZSl 1 + )ﬁl 1(V))]
243. end
25,51 = [sf - e i (WFul + st +

¢ﬂ+%%+ﬁ@m

2.6, uptt = [uo[ - m (1P1ug +pst +

) ubg
fo)]
lbg
£+1
So
uo£’+1
27 mt+t=| s
£+1
Un-1
SN{’+1

28, x{’+1 — y{’+1 + nef(m€+1

2.9. 001 = (69 +4(6")?-(6%)?

2

—m?)

2.10. if max (||xt”_k+1 - xf_k”Z) > g
2.10.1. break
3. end

In order to ensure linear convergence, a restarting scheme
which adaptively approximates the strong convexity parameter
must be applied:
R - APPROX (APPROX with restart)

1. choose x, € R™
2. setX, = x,
3. choose restart periods{T%, ., Tiners > Tiners - } € N
4. forr =0do

4.1. %41 = APPROX((14), %,

5. end

nner)
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5. SIMULATIONS

In this section we test the performance of accelerated gradient
dual augmented Lagrangian method combined with the three
coordinate descent methods presented before on five linear
systems and two nonlinear ones and compare the results of the
algorithms, both in terms of iterations and CPU time. All
algorithms are written in Matlab R2018b, and the simulations
have been performed on a 64-bit operating system PC with
Processor Intel(R) Core(TM) i7-10870H CPU @ 2.20GHz
2.21 GHz, and 16.0 GB RAM. We begin by presenting the five
linear systems and two nonlinear ones and the simulation
conditions.

5.1 Linear systems
AFTI - 16 system

The open-loop unstable linearized AFTI-16 aircraft model
presented in (Kapasouris et al., 1988) is represented by the
continuous-time system matrices:

—0.0151 —60.5651 0 —32.174
A = |-00001 -13411 09929 0
¢~ 10.00018 432541 —0.86939 0
0 0 1 0
-2516 —13.136
g _|-01689 —02514| . _ [o 10 o]
¢~ 1-17.251 -1.5766/ 00 o 1F
0 0

The input constraints are |v;| < 25, i = 1,2, the constraints
over the states are —100 < z, < 100,-0.5 < z, < 0.5,
the output variable is y = [z, z,]7 and the starting point is
Z, = [0000]T. The system is discretized using the Euler
method. As a performance metric we use a quadratic cost with
the matrices Q and R defined in (3), thus W, = 0, , W, = I, ,
W, =1,

Helicopter system

The laboratory model helicopter (Quanser 3-DOF Helicopter)
presented in (Tendel and Johansen, 2002) is represented by the
discrete-time system matrices:

1 0 001 0 0 O
0 1 0 001 0 O
4, = 0 0 1 0 0 0
0 0 0 1 0 0
001 0 0 0 1 0
0 001 0 0 0 1
0 0
0.0001 —0.0001
g, — |0:0019 0.0019 | . _ [o 01 00 o]
a7 10.0132 —0.0132| 000 100
0 0
0 0

The input constraints are —1 < v; < 3,i = 1,2, whereas the
constraints over the states are —0.44 < z; < 0.44 and —0.6 <
z, < 0.6, the output variable is y = [z3 z,]” and the starting
point is zy = [0.50.50 0 0 0]”. As a performance metric we
use a quadratic cost with the matrices Q and R defined in (3),
thus W, = 0,,,, W, = 0.1L,, W, = 10L, .

Mass — spring system

The mass — spring system presented in (Longo et al., 2013) is
represented by the discrete-time system matrices:

0.(9) 0 0 —0.02 0.01 0
0 09 0 001 -0.02 001
L0 0 0(9) 0 001 —0.02
4= 10.01 0 0 0.(9 0 0
0 0.01 0 0 0.(9) 0
0 0 0.01 0 0 0.(9)
) 0
0.01 0
0 —0.0001 001000
Ba=1 0 ’C_[000100]'
0 0
L0 0.01

The input constraints are —0.5 <v; <05, = 1,_2 R
whereas the constraints over the states are —3.5 < z; < 3.5,
i = 1,6, the output variable is y = [z z,]” and the starting
point is zy = [0 0 3.53.5 0 0]T. As a performance metric we
use a quadratic cost with the matrices Q and R defined in (3),
thus W, = 0, , W, = 0.11,, , W, = L,
Inverted pendulum system

The inverted pendulum system presented in (Maeder et al.,
2007) is represented by the discrete-time system matrices:

1.001 -0.05 -0.001
Ay = [—0.05 1.003 0.05 l
—-0.001 0.05 1.001
0
B; = [0.001], c=1[0 1 0]
0.05

The input constraint is —1.25 < v < 1.25, the output variable
is y = z, and the starting point is z, = [0.6 0.6 0.6]”. As a
performance metric we use a quadratic cost with the matrices
Q and R defined in (3), thus W, = 0, , W, = 0.1L,, , W, =
107,

Four — tank system

The four — tank system presented in (Annamalai, 2015) is
represented by the discrete-time system matrices:

[—0.0158 0 0.0256 0
A = 0 —0.0109 0 0.0178
a 0 0 —0.0256 0
[0 0 0 —0.0178
[0.0482 0
| o 0.035 01 0 0
Ba=1 0.0775]"¢ = [0 0 0 1]‘
[0.0599 0
The input constraints are 0<wv; <15, i = 1,2, the

constraints over the states are 0 < z; <15, i = 1,4, the
output variable is y = [z, z,]” and the starting point is z, =
[12.6 13 4.84.9]T. As a performance metric we use a
quadratic cost with the matrices Q and R defined in (3), thus
Wy = 0, Wy = Iy, Wy = Iy .
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5.2 Nonlinear systems

In order to apply our algorithms on nonlinear systems, a few
steps are required. Firstly, we denote by F, the continuous
function that describes the system and by F; the discrete one:

z=F,(z,v)
Zev1 = Fa(24,vp).
obtained by applying discretization with the Euler method, i.e.:
Zyyr = Zp + ANF(24, V),

where by dN we denote the sampling time. The next step is
linearization:

Fa(Ze,ve) = Fa(Z0,v0) + 5—— a( v t) 0 0) [ _ o]

JdF,
= F;(zy,v9) + G_Z(ZO'UO) 6 (ZO' 0)] [vt - Uo

= Fy4(20,v0) + 2a (ZO'UO)(Zt Zo) + Za (Zo'vo)(Vt Vo).

Considering all of the above, we obtain the matrices as
follows:

6Fd OF,
Ay = (zo,vo) =]+dN— oz, (ZO, vg)

aFd oF,
B, = (zo, Vo) = dN —

a (Zo, vO)

WWTP system

We consider a wastewater treatment system with four states,
presented in (Caraman et al., 2006). The control variable is

= W [mg DO/1], the output variable is y = S [mg/l], the
states are z = {X,S,D0, X,} and the differential equations
that describe the system are:

";_’t( = u()X() — D(1 +1)X(t) + rDX,.(t)

as _

== ~HOX(#) - DA +1)S(@) + DSi

9D0 _ Kou()
OO

- —D(1 +71)DO(E) + aW (£)(DOpax —

—DO()) + DDOy,

2 = DA +71)X(E) = D(B + )X, ()
. _ s@® Do)
with u(t) = Umax K5+ Koo 100D and the fixed parameters

max = 0.15, K, = 100, Kpo = 2, DOpyar = 10,
D =0.1,D0;, = 0.5,5,;, = 200,Y = 0.65,K, = 0.5,

a=0.018, =0.2,r = 0.6. For this system, we apply
discretization with Euler and linearization as described above
in order to obtain the matrices required for the algorithms. The
input constraints are 0 < v < 40, the constraints over the
statesare 0 < z; <200,0<2,<40,1<233,0<52, <

400, the output variable is y = z, and the starting point is z, =
[200 90 2 320]7. As a performance metric we use a quadratic
cost with the matrices @ and R defined in (3), thus W, = 0,, ,
Wy = 015, W, = 101,

CSTR system

The adiabatic continuous stirred tank reactor (CSTR) is a
common chemical nonlinear system in the process industry,
and it is presented in (Bequette, 1998). The CSTR system is
modeled by using basic mass balance and energy conservation
principles. A linearized model of the CSTR system is:

—0.3427 0

A, = B, = C = .
[47 68  2.785 ]’ ¢ [0.3]’ (1 0]

The input constraints are 273 < v < 322, the constraints over
the states are 0 <z; <10,310 <z, <390, the output
variable is y =2z; and the starting point is z; =
[8.5698 311.2639]7. As a performance metric we use a
quadratic cost with the matrices Q and R defined in (3), thus
W, = 0p,, Wy, = 0.11, , W), = I,,,.
For all these seven systems, the sampling time is dN = 0.05
and the prediction horizon is N = 5.

The stopping criteria are as follows: for the inner problem, the
algorithm stops when the number of iterations reaches a certain
number (200000 for CD, 50000 for APCG, 5000 for R —
APPROX, 50000 for CD BLOCK, APCG BLOCK and R —
APPROX BLOCK) or &;,, = 1077; for the outer problem, the
algorithm stops when the number of iterations reaches 5000
Eour = 1074

The following figures represent the graphical comparisons for
the AFTI - 16 system and the WWTP system. We compare the
three algorithms presented in the previous section, both on the
scalar case and the block case.

co
———APCG
APPROX
coBLOCK
APCG BLOCK

os

\ o ,’\Afmox BLOCK
\ / /
ol L \-/_- /
L /
L Il L 1 L
0S5
4] 20 40 60 80 100 120 140 60 180 200
y2
10 Py —
sk ™~
oy
o o=
] 20 40 60 80 100 120 140 160 180 200
v1
ok = — — S—
20 L.
] 20 40 60 80 100 120 140 160 180 200
v2
) I \_/ '
A ]
-20f 1

Fig. 1. Graphic comparison for the linear AFTI — 16 system.

The following tables present the comparison of the three
algorithms, both on the scalar case and the block case,
involving number of iterations for the inner and outer
problems, as well as average and maximum CPU time for the
outer problem and CPU time for one MPC step.
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co

100 APCG

Table 2. Number of iterations and CPU time for the block

APPROX
0 CD BLOCK case.
APCG BLOCK
60 APPROX BLOCK Syst. A-16 | H M-S [ 1P FT | WWTP | CSTR
40 Algs.
Tnner | 6113 | 3705 | 775 | 990 | 320 | 5020 325
20r it.
. P e Outer | 75 20 |40 |40 15 5000 5000
0 20 40 60 80 100 120 140 160 180 200 S it.
> S | mMpc [1301 | 13 |31 |23 |05 5289 | 2381
40 - M step
s 8 [Awg [02 [005 | 007|005 | 003 |01 0.04
sof | S 1 time
| \ Max | 03 |01 |04 |01 |01 |o2 01
201 e time
% Inner | 1175 | 946 | 235 | 170 | 95 1010 135
it,
o T S R R v | Ouer |75 20 |40 | 40 15 5000 5000
0 20 40 60 80 100 120 140 160 180 200 8 it.
) ) ] ) 2 [ MPC [301 [04 [13 [03 |02 1323 | 285
Fig. 2. Graphic comparison for the nonlinear WWTP system. o |step
€ [Ave [003 [ o001 [0.02] 0005 0008 | 0.02 0.005
Table 1. Number of iterations and CPU time for the < | time
scalar case. 1\1/[;: 0.04 | 0.04 | 02 | 0.02 | 002 | 0.06 0.04
Syst 6 T H s T1p T WWIP | CSIR Inner | 550 | 550 [ 500 [ 500 [ 500 | 550 550
Algs. M it.
S | ouer |75 20 |40 | 40 15 5000 5000
2 |t
m
Tnner | 40115 | 32495 | 6365 | 2095 | 15620 | 20780 | 1085 w | MPC |99 101 |28 |19 |02 | 4394 | 528
it. S step
[~
Outer | 80 25 0 |75 15 5000 5000 & [Avg [o1 0.04 | 006 | 0.04 | 001 | 0.08 0.01
it. < time
o [ MPC |58 1.6 15 |09 |05 1154 | 537 ® [Max |02 | 009 | 0.09 | 0.07 | 004 | 01 0.1
© step time
Avg | 007 | 006 | 003 | 002 | 001 | 0.02 0.01 ] ]
time When it comes to comparing APCG and R — APPROX, the
?14;: 0.1 04 0.09 1 0.1 0.02 1 0.07 0.04 number of iterations and CPU time are lower for APCG
Inner | 5070 | 4730 5245 | 2252 | 4795 4060 2060 compared to R — APPROX. However, one notable advantage
it. of the R — APPROX method is that, unlike the APCG method,
Outer | 80 20 40 |40 15 5000 5000 . .
b it doesn’t depend on the value of the strong convexity
§ MPC | 1.04 | 02 06 |03 |01 38.6 12.1 parameter [.
2 step
Avg | 0.01 0.009 | 0.01 | 0.009 | 0.001 | 0.007 [ 0.002 6. CONCLUSIONS
time
Max | 0.01 | 0.1 0.03 | 0.04 | 0.002 | 0.03 0.03 This paper has analyzed the performance of augmented
time . .
e 1 2000 T 2000 | 2250 T 2000 T 2000 | 20001 2000 Lagrangian frameyvork to find the sqlutlon of MPC problen.ls
it. and several coordinate descent algorithms, namely the classic
v i‘?“ter s 20 40|40 115 5000 5000 coordinate descent method, APCG and R — APPROX, are
% ]\/'[pc 2.04 03 0.9 0.6 02 87.7 34.9 adapted to solve the inner problem. Both the APCG and R —
% [ step APPROX converge faster than the classic coordinate descent
e QI‘IE 0.02 1 001 0.02 1 0.01 1 002 001 0-007 method in all test cases we have considered. However, the
Max | 0.04 | 03 0.03 [ 0.03 [ 003 | 004 0.03 APCG requires the value of the strong convexity parameter.
time Thus, despite APCG being faster than R — APPROX, one

We observe that the number of iterations for the inner problem
solved by the APCG and R — APPROX methods are
significantly lower than the one obtained by applying the
classical coordinate descent method, both in the scalar case
and the block case. At the same time, all algorithms have
significantly less inner iterations for the block case in
comparison to the scalar case. Moreover, the CPU time is in
all of the cases we take into consideration lower when the
optimization problem is solved with APCG and R — APPROX
than the CPU time obtained by solving it with the classic
coordinate descent method. Observe that for very fast systems,
like the Inverted pendulum, the block versions of the
algorithms have a better average time than the scalar case
versions.

notable advantage of the latter is that, unlike the former, the
restarted APPROX doesn’t depend on the value of the strong
convexity parameter p. Thus, the method works with an
unknown strong convexity parameter.
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