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Abstract: This study investigates the reliable tracking control problem for a dynamic positioning ship 

(DPS) based on aperiodic measurement information. Firstly, the actuator-failure model for the DPS is 

established, and the values of the actuator failures are random and the upper and lower bounds of the 

delay are considered. By introducing a new Lyapunov-Krasovskii functional (LKF), the mean square 

exponential stability criteria are obtained by means of linear matrix inequalities. And the real sampling 

patterns can be fully captured by constructing a suitable Lyapunov functions. Finally, an illustrative 

example is exhibited that the sampled-data controller can ensure the states of the DPS and have excellent 

tracking performances. 
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1. INTRODUCTION 

Dynamic positioning ship (DPS) is a kind of ship that relies 

on the thrust generated by its own propulsion device to resist 

the influence of external interference and make the ship keep 

a certain position along a fixed track. It has widely used in 

offshore oil drilling platforms, salvage ships, engineering 

ship and so on (see T. I. Fossen, 2002). Therefore, DP 

technology improves the efficiency and safety of marine 

development, which is very important for marine operation. 

At present, the issue about H∞ control, optimal control, 

backstep integral control, fuzzy control, hybrid switching 

control etc. have been reported for DPS (see Sorensen, 2011; 

Ngongi et al., 2015; Du et al., 2016; Bidikli et al., 2017; Fu et 

al., 2018; Zhang et al., 2018; Peng et al., 2019). For example, 

in (Dung et al., 2019), according to the characteristics that the 

DPS is easily affected by the environment, a multi-level 

fuzzy model is proposed to improve the quality of DPS. In 

(Xu et al., 2019), a PID controller based on fuzzy rules for 

DPS is proposed, which takes the estimated positioning error 

and low-frequency speed as input.  

With the development of digital computer, sampled-data 

control system has appeared in all fields of national 

production and life, national defense construction and 

scientific experiment (see Fridman, 2006). One of the most 

remarkable characteristics of this system is that both 

continuous and discrete signals are existing in one system, 

which have difficulties in analysing the stability and 

designing the controller. Now, the analysis of control 

problem for sampled-data system has received much 

attentions, and considerable research results have been 

developed in multiagent systems (Zhang et al., 2018), 

multiagent systems (Yu et al., 2022), fuzzy systems (Wang et 

al., 2018; Zhang et al., 2021; Liu et al., 2016; Zheng et al., 

2018), chaotic systems (Wang et al., 2016; Chen et al., 2012), 

neural networks systems (Wu et al., 2013; Wu et al., 2014;  

Yucel et al., 2017), and so on. For example, In (Liu et al., 

2016), the quantization problem of fuzzy sampled-data 

systems is studied by the improved input delay method and 

wirtinger integral inequality, and the design method of 

corresponding quantization controller is given. In (Yucel et 

al., 2017),  the filtering problem of uncertain fuzzy neural 

networks is studied by using the input time-delay approach, 

and the fuzzy sampled-data filters are designed. 

Sampled-data system exists in the DPS (see Zheng et al., 

2019), firstly, it uses various digital sensors, such as GPS, 

electric compass, wind speed sensor etc. to obtain ship’s 

positioning data, heading, the change of wind speed, etc. 

respectively, then the sensors signals are sampled by the 

digital computer to determine the motion of the ship. In 

recent year, sampled-data control theory has been adopted for 

solving the DP problem. In (Katayama, 2010), by using 

integrator backstepping technique, the nonlinear control 

problems of sampled-data DPS are discussed, and the output 

and state feedback controllers are designed. In (Katayama et 

al., 2014), the nonlinear sampled-data control theory is used 

for DPS to deal with the problem about straight-line 

trajectory tracking. In (Zheng et al., 2021), the sampled-data 

controllers for DPS are designed to make the system stable 

and achieve good H∞ performance. (Yang et al., 2018) 

discusses the robust fault-tolerant control issue for sampled-

data DPS with actuator-failure. In (Zheng et al., 2018), the 

fuzzy control issues for the nonlinear sampled-data DPS are 

discussed, and the free-weighting matrices are used for 

guaranteeing the system’s stability.  

However, few literatures have been reported for aperiodic 

sampled-data DPS with actuator failures. Besides, the LKF 

has room for improving to fully capture the real sampling 
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patterns and get less conservative result, which are the 

motivations of this paper. 

In this paper, the stabilization of DPS with aperiodic 
sampled-data is discussed. The motion models of DPS with 

random actuator failures are established. Then the upper and 

lower bounds of delay are considered. Secondly, Lyapunov 

theorem are introduced to fully capture the sampling patterns 

in LMI. And the conditions of mean square exponential 

stability are given. Then the design methods of sampled-data 

controller are introduced, which guarantee that the system has 

excellent performance even if the stochastic actuator failure, 

extern disturbances and aperiodic measurements exists. 

Finally, a specific example is given to illustrate that the 

method is effective. 

Notations:   TSym M M M= + .“*” is the symmetric 

term of a matrix. , 1, 2,3iI i =   represents defined as block 

entry matrices. 
max min( ), ( )P P   represents the maximum 

and minimum eigenvalues of the matrix P , E  represents 

the mathematical expectation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. The schematic of sampled-data DPS control system. 

2. PROBLEM FORMULATION 

The mathematical model of DPS is considered as follow. 
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where  ( ) ( ) ( ) ( )
T

a at x t y t t = represents the positions  

( )ax t , ( )ay t  and yaw angle ( )t  in earth-fixed frame. 

 ( ) ( ) ( ) ( )
T

t p t v t r t =  represents the ship’s velocity 

of surge, sway and yaw in body-fixed frame. ( )J   

denotes the transformation matrix.  ( )fu t  represents the 

control input with stochastic failures; ( )w t  denotes the 

extern disturbance; M and D represent the inertia matrix and 

damping matrix respectively.  

where m represents the mass of the ship; zI is the moment of 

inertia; Gx is the distance from the origin of the ship's 

coordinate system to the center of gravity; uX , vY , rN  are 

the added mass of hydrodynamic forces in the three 

directions of surge, sway and yaw; rY  is the added mass due 

to the coupling of sway and yaw; 

 

 

 

 

 

 

 

Fig. 2. Body-fixed coordinate systems. 

Assumed that yaw angle ( )t  is small enough, which 

means that  

( ) ( )cos ( ) 1,sin ( ) 0t t   , then  

( )( ) .J t I               (2) 

Under the condition (2), we define 
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Then the exquation (1) is converted to
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where 

3 3 3 3 3 3 3 3

1 1 1

3 3
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, , .
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Consider the output signal that 

( ) ( ) ( ),y t Cx t t= =                                                         (4) 

where 

 0 0 1 0 0 0 ,C =

 

From (3) and (4), we have  

( ) ( ) ( ) ( ),

( ) ( ).

f

wx t Ax t Bu t B w t

y t Cx t

= + +

=                                   (5) 

The control object is to consider the sampled-data tracking 

control problem when actuator faults exist in the DP ships 

(see Fig.1). The following actuator fault model is adopted as 

follows. 

1

( ) ( ) ( ),
m

f

i i

i

u t u t u t 
=

= =                                        (6) 

where 1 2{ , , }, 1, ,idiag i m   = =  are m  

unrelated random variables and  

1

0, ,1,0, 0 .i

m ii

diag
−−

  
 =  
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It is assumed that 𝜃 takes values in a finite set, that is 

1 2{ , , }.i i i indiag    In addition, the process{ }.i  is 

assumed to be independent and identically distributed, with 

the probabilities given by 

  , 1, , , 1, , .i ij ijProb i m j n  = = = =             (7) 

where ij  is as positive scalar and
1

1
n

ij

j


=

= .  

Remark 1 It is noted that random values in a finite set are 

used to describe the actuator fault for the sampled-data DPS 

in this paper, which is more practical than (Yang et al., 

2018), as the variable 𝜃 in the reference is assumed to be an 

unknown constant with known upper and lower bounds. 

Therefore, the assumption in (4) is better in describing the 

failure characteristics. The failure characteristics are listed in 

Table 1. 

 

 

 

Table 1. Failure characteristics. 

failure mode                                                        

complete failure                         0 =     

partial degradation                    0 1   

no failure                                    1 =  

forward drift failure                    1   

 

Define the tracking error as follow   

( ) ( ) ( )e t r t y t= − .                                                           (8) 

Where ( )r t  represents the reference signal. Noted that a 

controller’s tracking error integral plays a key role to 

eliminate the tracking error. Then, similar to [28], the integral 

term 
0

( ) ( )
t

t e t dt =   is defined, then the DPS with 

actuator faults can be written as 

( ) ( ) ( ) ( ),f

wt A t B u t B w t  = + +                                (9) 

where 
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Assume that the signal of DPS can be obtained at sampling 

instant kt with 0 1 20 kt t t t=      .The sampling 

period is assumed that 

1 1 2 1 2, 0, 0, 0,k k kd t t d d k d d+ − =          (10) 

Considered the state-feedback control law as follow, 

 1 2 1

( )
( ) ( ) , ,

( )

k

k k k

k

x t
u t K t K K t t t

t



+

 
= =   

 
 (11) 

where K is a controller matrix. Combining (11) and (5), then 

( ) ( ) ( ) ( ).k wt A t B K t B w t   = + +                      (12) 

The object of the paper is designing a sampled-data controller 

to guarantee that 

1) Under the conditions of stochastic actuator failure and 

aperiodic measurement, the system (10) with ( ) 0w t =  is 

mean square exponential stable, and the output ( )y t  can 

track the reference signal ( )r t .  

2) Despite the extern disturbances, it is required to satisfy 

that   2

0 0
( ) ( ) ( ) ( )

t t
T TE s s ds w s w s ds     for all 



83                                                                                                                    CONTROL ENGINEERING AND APPLIED INFORMATICS 

 

     

 

nonzero  )2( ) 0,w t L   under zero condition, where 

0  . 

3. MAIN RESULTS 

In this section, the linear matrix inequality method is 

introduced. Then the stability additions and the design 

method of controller for sampled-data DPS is given by 

establishing LKF in terms of LMI.  

3.1 Linear matrix inequality 

Compared with the traditional Riccati equation method, 

linear matrix inequality method is more convenient and 

effective. It can solve many problems of control system by 

solving the feasibility problem of LMI or the convex 

optimization problem of LMI with constraints. Besides, LMI 

can be used to obtain multiple optimal solutions of multiple 

parts of the system respectively, so that the control system 

can meet the performance index requirements of multiple 

objectives. 

The form of LMI is that: 

0 1 1( ) 0n nF x F x F x F= + + +   

where 1, , mx x are decision variables， 0 1, , , nF F F  are 

given real symmetric matrix. 

Then we can adopt the LMI toolbox of MATLAB to deal 

with the convex optimization problem of LMI. 

3.2 Stability analysis 

Theorem 1: For scales 1 2, , 0, 0      and 

2 1 0d d  , the system (12) is mean square exponential 
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Proof.  The LKF is constructed as 
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It can be seen that except for the sampling 

instants ( )0,1,2, ,kt k = ( )V t is continuous on  )0, . 
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kt t+= , except the first term of 1( )V t , the other terms 
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The infinitesimal operator L is defined for the random 

process { ( ), 0}t t  . Using the operator for ( , )tV t , it 

can be obtained that: 
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Using the Leibniz-Newton formula, for any free matrix M  

and scalars 1 2,   , it can be got that 
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Remark 2 Note that the free weighting matrix M  is 

introduced in equation (19), and the matrix is obtained by 

solving the corresponding LMI, which avoids the 

conservatism caused by giving the weighting matrix in 

advance, and greatly reduces the conservatism of the results. 

Combine (18) with (19), the H  performance index can be 

considered that  
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From (13) and (14), it can be obtained
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which implies 

2

1

( , ) 2 ( , ) ( ) ( ) ( ) ( ) 0,

[ , ).

T T T

t t

k k

LV t V t t t w t w t

t t t

     

+

+ + − 

      (22) 

 When ( ) 0,w t =  it can be got 

   

 

 

 

1

1

0

2

min

2 ( )

2 ( )

1

2

22

max 0

( ) ( ) ( , )

( , )

( , )

( ,0)

( ) ( ) .

k

k

k

k

t

t t

t k

t t

t k

t

t

t

P E t E V t

e E V t

e E V t

e E V

P e t









  







 

−

−

− −

− −

−

−

−







 



     (23)
 

Then 

  max

0

min

( )
( ) ( ) .

( )

t
P

E t e t
P


 



−
 

  
 
 

                   (24)
 

It means that the system (12) is mean square exponentially 

stable when ( ) 0w t = . Similar with the proofs above, we 

can establish the  -disturbance attenuation performance 

easily. The proof is completed. 

Remark 3 In the paper, the stability criterions for system 

(12) are given to achieve the performance of disturbance 

attenuation. Besides, a quadratic function 3( , )tV t is added 

in LKF (16) to obtain the sampling patterns fully, and more 

free matrices are introduced in 3( , )tV t which can be non-

positive, and they can reduce the conservativeness to some 

extent. 

Remark 4 In the paper, both upper and lower bounds of the 

sampling period have been discussed. if 1 2d d d= = , the 

proposed mechanism can be used to deal with the periodic 

sampled-data control issue for DPS like (Yang et al., 2018), 

which omits the lower bound of the sampling period and it 

will lead to conservatism to some extern. Thus, the proposed 

method has wider application scopes than (Yang et al., 2018). 

Remark 5 Note that successions of equations are introduced 

in the paper to get the LMIs (13)(14)(15) of theorem1 and 

LMIs (25)(26)(27) of theorem 2, which can be calculated by  

 



85                                                                                                                    CONTROL ENGINEERING AND APPLIED INFORMATICS 

 

     

 

MATLAB toolbox easily, and this method has been widely 

applied in the analysis of many control systems.  

3.3 Sampled-data controller design for DPS  

According to theorem 2, the design method of the sampled-

data controller is given. 

Theorem 2: For scales 1 2, , 0, 0     , the system (12) 

is mean square exponentially stable with  -disturbance 

attenuation if there exist matrices 

11 12

11 22

22

, , , 0, 0,
*

Q Q
Y Y M P

Q

 
  

 
such that: 

22

1 3 22 3 2 4

2

1( ) * 0 0,

* *

d Tde I Q I

d I

I





−  +  
 

 = −  
 − 

   (25) 

2

2

2

1 3 2 4

2

11

2 2

1 2

* 0 0
( ) 0,

* * 0

* * *

{ , },

d

d

de

de Q
d

I

I

d d d







−

−

  −   
 

−  = 
 −
 

− 



        (26) 

( ) ( )

( )

2 11 11 2 11 22

2 22 22

0.
*

T

T

P d Y Y d Y Y

d Y Y

 + + − +
  = 
 +
 

        (27) 

 where 



 2

1 1 2 1 1 1 11 1

1 11 3 1 22 3 1 1 1 1 2

1 1 3 2 2 3 22 3 1 1 2

1 1 3 2 3 2 2 3

2

1 3 3 3 22 3 ,

T T T

T T T T T

T T T T

T T T T T

dT T

Sym I PI I PI I Y I

I Y I I Y I I AMI I MA I

I B KI I MI I Y I I MI

I MA I I B KI I M I

I B KI de I Q I





  

  

  −

 = + −

+ + − −

− + − +

− − +

− −

 

( ) ( )
( ) ( )

( ) 

1 1 11 11 2 2 11 22 3 2 11 2

2 12 3 1 11 11 1 1 11 22 3

3 22 3 3 22 22 3

2 1 2

3 12

4

,

,

0 0 ,

0 0 .

T T T T

T T T T

T T T

T
T T T

w w w

T

T
T

Sym I Y Y I I Y Y I I Q I

I Q I I Y Y I I Y Y I

I Q I I Y Y I

B B B

Q

M

 



 

 = + − + +

+ + + − +

+ + +

  = − − − 

  =  

  =  

The controller gain matrix K is computed  

that  1 2

TK K K KM −= =                        (28) 

Proof: Let 

   

 
1 2 1

3 2

, , , ,

, , .

diag M M diag M

diag M I

  

 

= =

=
.  

Defining 

1

11 11

12 12 22 11 11 11

22 11

, , ,

, , ,

, .

T T

T T T

T T

M M P MPM Q MQ M

Q MQ M Q MQ M Y MY M

Y MY M K KM

−= = =

= = =

= =

  

Pre- and post-multiplying (13)-(15) by 1 2, 
 and 

3
respectively, (25)-(27) can be obtained by Schur 

complement. This completed the proof. 

4. NUMERICAL EXAMPLES 

To validate the effectiveness of the developed method, a 

simulation example for a multipurpose supply vessel is given 

(see Fig.3). Similar with (Tannuri et al.,2010), the ship’s 

length is 76.2 m and mass is 4.591*106 kg, the other model 

parameters are considered in Table 2. 

Table 2. Ship model parameters. 

Items Value Items Value 

uX  5.0242*104  
vY  -3.6921*106  

zI  3.7454*109 
rN−  3.7454*109  

vY  2.7229*105  
rN  4.1894*108  

uX  -0.7212*106  
rY  -4.3933*106  

rY  -1.0234*106  
vN  -4.3821*106  

 

Fig. 3. The multipurpose supply vessel. 

And the M and D in model (1) are 

6

6

9

5.3122 10 0 0

0 8.2831 10 0 ,

0 0 3.7454 10

M

 
 

=  
  
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5 6

6 8

5.0242 10 0 0

0 2.7229 10 4.3933 10 .

0 4.3933 10 4.1894 10

D

 
 

=  −  
 −   

Noted that  

1 1 1

0 0 0
, , ,

0
w

I
A B B

M D M M− − −

     
= = =     

−     
 

then 

6

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1
,

0 0 0 0.0095 0 0

0 0 0 0 0.0329 0.5304

0 0 0 0 0.0012 0.1119

0 0 0

0 0 0

0 0 0
10 .

0.1882 0 0

0 0.1207 0

0 0 0.0003

w

A

B B −

 
 
 
 

=  
− 

 −
 

− 

 
 
 
 

= =  
 
 
 
 

 

The probabilistic actuator failures are considered that 

 1 0.3,1,1.2   and  2 0.4,1,1.5   with 

   

   

   

1 2

1 2

1 2

0.3 0.4 0.2,

1 1 0.6,

1.2 1.5 0.2.

Prob Prob

Prob Prob

Prob Prob

 

 

 

= = = =

= = = =

= = = =

 

Consider the ship’s initial state 

 ( ) 1 1 0 0 / 0 / 0 /sx t m m m s m s s=    

and 

1 2 1 20.8 , 1.6 , 0.01, 1, 0.01, 10d s d s    = = = = = = . 

Then, the controller gain can be computed that 

1

163.6565 0.0569 1.6445

0.0170 245.7164 10.9512

0.0820 5.8243 12.2825

188.8556 0.0598 2.1451

0.1187 324.8716 24.8897 ,

0.2125 7.3309 27.2819

K

− −


= −

 − −

− − 


−

− − 

 

2

1.6423

10.9513 .

12.2825

K

 
 

= −
 
    

Consider the extern disturbance 

( ) 0.2cos(0.4 ).w t t=                                                      (29) 

The simulation results are shown in Figs. 4-5. Fig. 4 is the 

responses curve of the position (x, y) and yaw angle, Fig.6 is 

the responses curve of the ship's velocity, which show that 

the proposed control strategy can make the DPS stabile and 

reach the desired target even if the stochastic actuator failure, 

extern disturbances and aperiodic measurements exists. 

Then the tracking command ( )r t is set that ( ) 1r t = , then 

the tracking responses of yaw angle ψ and the error between 

yaw angle ψ and ( )r t  are illustrated in Figs. 6 and Fig. 7 

respectively. It is shown that when there exist aperiodic 

measurements, extern disturbances and actuator failure, yaw 

angle ψ has good tracking ability for ( )r t .Then we set 

( ) sin 4r t t= , the simulation result of Figs. 8-9 can further 

verify that the yaw angle ψ can also track ( )r t  well. Hence, 

it is shown that the developed tracking strategy is effective so 

that the DPS has an acceptable tracking performance. 

Then, we compared with (Yang et al., 2018) which uses 

different methods for DPS to deal with the fault-tolerant 

sampled-data control issue. Choose the same sampling 

interval 1 0d = , then according to theorem 2, the maximum 

sampling period can be obtained that 2 1.1024d s= , which 

improves (Yang et al., 2018) about 131.2%. It is illustrated 

that the sampling period in the paper is longer than (Yang et 

al., 2018). Besides, the lower bound of the sampling interval 

is not considered in (Yang et al., 2018), which will lead to 

conservatism. 

 

Fig. 4. Responses of the x, y positions for the DPS. 
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Fig. 5. Responses of the velocity for the DPS. 

 

Fig. 6. Tracking responses of yaw angle ψ when ( ) 1r t = . 

 

Fig. 7. The error between yaw angle ψ and ( )r t  when 

( ) 1r t = . 

 

Fig. 8. Tracking responses of yaw angle ψ when 

( ) sin 4r t t= . 

 

Fig. 9. the error between yaw angle ψ and ( )r t   when 

( ) sin 4r t t= . 

5. CONCLUSIONS 

The aperiodic sampled-data tracking issue for DPS is 

discussed in the paper. Stochastic actuator-failure models of 

the DPS have been established, and both upper and lower 

bounds of the sampling period are considered. Mean square 

exponential stability criteria are given. By constructing a 

suitable LKF, the sampling pattern can be obtained fully. The 

simulation results illustrate that the designed sampled-data 

controllers are effective to provide excellent tracking 

performances for the DPS despite extern disturbances, 

aperiodic measurements and stochastic actuator failure. 
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