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Abstract: This paper considers the problem of model free adaptive control (MFAC) for nonlinear
systems subject to disturbances. It is shown that the robust stability of MFAC systems with disturbances
can be guaranteed, and the bound on tracking error depends on the bound on the disturbance. To
attenuate disturbance, an improved MFAC is also developed using disturbance observer based control
techniques, where the disturbance observer design is established by radial basis function (RBF) neural
network. The stability analysis of proposed MFAC algorithm is given, and the effectiveness is also

illustrated by simulations.
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1. INTRODUCTION

Model free adaptive control (MFAC) is an attractive
technique which has gained a large amount of interest in the
recent years (Hou et al. 1997). The key feature of this
technique is to design controller only using the 1/O data of
the controlled system, and can realize the adaptive control
both in parametric and structural manner (Hou et al. 20086,
2011a, 2011b). Instead of identifying a, more or less, known
global nonlinear model of the plant, a series of equivalent
dynamical linearized time varying models is built along the
dynamic operation points of the controlled plant using a
novel concept called pseudo-partial derivative (PPD), which
is estimated merely using the 1/O data of the controlled plant.
Since the model is valid only for a small domain around the
operation point, the PPD estimation algorithm has to be
repeated at each time instant. Based on the equivalent
dynamical linearized model, the analysis and design for the
MAFC scheme then be implemented. The dynamic
linearization method includes the compacted form dynamic
linearization (CFDL), partial form dynamic linearization
(PFDL), and full form dynamic linearization (FFDL). Up to
now, this technique has been extensively studied with
significant progress in both theoretical aspects and
applications (Hou et al. 2011c; Tan et al. 2001; Leandro et al.
2009, 2010; Chi et al. 2008; Zhang et al. 2006; Bu et al. 2009,
2010).

Almost all engineering control systems, the presence of
disturbances is inevitable. For example, when the robot
manipulators grasp an unknown payload, they are affected by
unknown inertia variation and gravity force, but these
changes are rarely captured in the models. It is most desirable
that the controller be insensitive to these uncertainties.
Hence, in recent years, the problem of controlling uncertain
dynamical systems subject to external disturbances has been
a topic of considerable interest. To the best of our knowledge,

no one has been discussed the MFAC with external
disturbance. This motivated the present study. This paper
considers the problem of MFAC for the nonlinear system
with external disturbance. The influence of disturbance for
the MFAC systems is first discussed, and then the
disturbance attenuation is also considered.

In the literature, an effective technique to enhance the
performance of systems in the presence of disturbances is the
application of disturbance observers. Disturbance observers
are useful tools that are originally proposed in (Ohnishi et al
1987a, 1987b) as means of estimating disturbances to linear
systems and canceling them subsequently. Later, researchers
advanced the theory of disturbance observers (Kemf et al.
1999). Presently, disturbance observers are successfully used
in achieving robust stability and performance in motion
control systems, for instance, in controlling robotics systems,
high-speed machining systems, disk drives (Huang et al.
1998; Ishikawa et al. 1998; Komada et al. 2000; Yang et al.
2008). Recent work has been concentrated on the
development of nonlinear disturbance observers. To this end,
Oh et al (1999) first improved a linear disturbance observer
in robots using the information of nonlinear inertial coupling
dynamics. The application of this modified observer in
redundant manipulators gives improved performance. A
sliding mode based nonlinear disturbance observer was
proposed and applied in motor control by (Chen et al 2000a).
(Chen et al 2000b) developed a nonlinear disturbance
observer for unknown constant using Lyapunov theory and
applied it to a two-link manipulator.

However, the aforementioned linear disturbance observers or
nonlinear disturbance observers are all model based
disturbance observers, and these observers are designed
based on the model information of the controlled systems.
MFAC is a model free control approach, which is proposed
for the nonlinear system with unknown model information.
Hence the model based disturbance observers cannot be
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applied to disturbance attenuation for MFAC approach. In
this paper, a disturbance observer based on Radial Basis
Function (RBF) neural network is introduced to enhance the
disturbance attenuation ability of MFAC algorithm. RBF
neural network is introduced RBF into a two layer neural
network, where each hidden unit implements a radial
activated function. The output units implement a weighted
sum of hidden unit outputs, and the input into an RBF
network is nonlinear while the output is linear. Thus, it has
excellent approximation capabilities to any nonlinear
function. The rest of this paper is organized as follows. In
Section 2, the control algorithm of MFAC is reviewed, and
the MFAC system with disturbances is formulated. In Section
3, the robust stability of such a MFAC system is analyzed. In
section 4, an improved algorithm of MFAC with disturbance
observer is proposed, and the stability is also given. A
numerical example is given in section 5. Conclusions are
given in Section 6.

2. PROBLEM FORMULATIONS

Considering the following discrete-time SISO nonlinear
system

y(k+1) = F(y(k),--- y(k=n,),u(k),---,u(k =n,)), 1)

where Nn,,n, are the unknown orders of output y(k) and

input u(k) respectively, f(--) is an unknown nonlinear
function.

The following assumptions are made for the controlled plant.

Al: the partial derivative of f(---) with respect to control
input u(k) is continuous.

A2: the system (1) is generalized Lipschitz, that
is, [Ay(k+1)| <blAu(k)| for any k and Au(k)=0 with
Ay(k +1) = y(k +1) - y(k), Au(k) =u(k)—-u(k-1) and bis a
positive constant.

Remark 1: These assumptions of the system are reasonable
and acceptable from a practical viewpoint. Assumption Al is
a typical condition of control system design for general
nonlinear system. Assumption A2 poses a limitation on the
rate of change of the system output permissible before the
control algorithm to be formulated is applicable. From the
‘energy’ point of view, the energy rate increasing inside a
system cannot go to infinite if the energy rate of change of
input is in a finite altitude. For instance, in a water tank
control system, since the change of the pump flow of water
tank is bounded, the liquid level change of the tank caused by
the pump flow cannot go to infinity. There exist a maximum
ratio factor between the liquid level and the pump flow, just
as the positive constant b defined in Assumption A2.

The following theorem illustrates that the general discrete
time nonlinear system satisfying assumptions A1-A2 can be
transformed into an equivalent dynamical form linearization
model, called CFDL model.

Theorem 1: For the nonlinear system (1) satisfying
assumptions Al and A2, then there must exist a ¢(Kk) , called

pseudo-partial-derivative (PPD), such that if Au(k) =0, the
system (1) can be described as the following CFDL model

Ay(k +1) = g(k)Au(k), )
and |(k)|<b.
The proof of Theorem 1 can be founded in (Hou et al 2011a).

Remark 2: Eq.(2) is a dynamic linear system with slowly
time-varying parameter if Au(k)=0and Au(k) is not too
large. Therefore, when it is used for the control system
design, the condition Au(k) =0 and not too large altitude of
Au(k) should be guaranteed. In other words, some free

adjustable parameter should be added in the control input
criterion function to keep the change rate of control input
signal not too large.

Rewritten (2) as
y(k+1) = y(k) +g(k)Au(k). @)

For the control algorithm, a weighted one-step- ahead control
input cost function is adopted, and given by

() =]y (k+1) - y(k+1| + 2Ju(k) ~u(k -[*, @)

where y"(k +1) is the expected system output signal, and A
is a positive weighted constant.

- : : . 0J(u(k))
Substituting (3) into (4), solving the equation T(k)=0
gives the control algorithm as follows:

k .
u) =uk-0+—228_ (- yw),
A+|g(K)|
where £ is the step factor.
Theorem 1 shows that the nonlinear system (1) satisfying A.1
and A.2 can be described by the dynamic linearization model
(2) with PPD ¢(k) . It is obvious that many parameter

estimation algorithms such as least-squares algorithm and
improved algorithm, gradient algorithm and improved
algorithm, can be adopted to estimate PPD.

The objective function for parameter estimation is used as

I =|y(6) - y(k -1 - g(k)Au(k D
OB

Using the similar procedure of control algorithm equations,
the parameter estimation algorithm can be obtained as

follows:
306) = dk— 1)+ —TUE=D - Bk —DAu(K
#0 = (k- + =0 (Ay() -k —DAu(k -1)).

Summarizing, the MFAC algorithms based on CFDL model

is given as follows:

$(k) =p(k-1) +
nAu(k —1)

- [AY(K) - p(k -1)Au(k -1)]), ®)
p+|Au(k=1)|
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A(K) = $(), if \&(k)\ <gor|Auk-1)|<e, (6)
(k) = utk -2+ 22y -y, .
A+ (k)

where 7.9 are the step-size and they are usually set as
n,pe(01). 4,4 are weight factors, & is a small positive

constant, (1) is the initial value of (k).

Remark 3: In order to make the condition Au(k)=0 in

theorem 1 be satisfied, and meanwhile to make the parameter
estimation algorithm have stronger ability in tracking time-
varying parameter, a reset algorithm has been added into this
MFAC scheme as (6).

Remark 4: The control algorithm (7) has no relationship with
any structural information (mathematical model, order,
structure, etc) of the controlled plant. It is designed only
using input and output data of the plant.

Almost all engineering control systems, the presence of
disturbances is inevitable. In this case, the nonlinear system
(1) can be described as

y(k+1) = f(y(k), -, y(k=n,),u(k),--,uk =n,)) +d(k), (8)
where d(k) is a bounded disturbance with |d (k)| <b,

3. ROBUST STABILITY ANALYSIS

In order to obtain robust stability of the MFAC algorithm,
another assumption about the controlled system should be
made.

A3: The PPD satisfies #(k) >b, >0 (or ¢(k) <—-b <0), b,
is a positive constant. Without loss of generality, it is
assumed that #(k) = b, >0 in this paper.

Remark 5: Most of plants in practice can satisfy this
condition, its practical meaning is obvious, that is, the plant
output should increase (or decrease) when the corresponding
control input increase. For example, the water tanks control
system, the temperature control system, and so on.

Theorem 2: For the nonlinear system (8) satisfying
Assumptions Al, A2, then the system can be described as

Ay(k +1) = g(k)Au(k) + Ad (), 9)
where Ad(k)=d(k)-d(k-1).
Proof: From Eq.(8), the following equation can be obtained
Ay(k+1)
= £ (Y0, yk—n, ), u(k), -, u(k—n,)) +d (k)
= (y(k=1),+-, y(k =n, =1),u(k=1),--,u(k—n, ~1) ) —d(k-1)
= £ (y(k),-, y(k=n,),u(K), - u(k—n,))
= (y(k=1),--, y(k—n, 1), u(k ~1),u(k 1), u(k —n, ~1))
+f (y(k=D),, y(k—n, =1, u(k 1), u(k—1),---,u(k —n, -1))
= (y(k=1),--, y(k =n, =1),u(k =1), -, u(k —n, —1)) + Ad (k).

Using assumption A2 and the mean value theorem, (10) gives

*

Ay(k +1) = aif(k)

*

Au(k) + £ (k) + Ad (k),

where denotes the value of gradient vector of f(---)

ou(k)
with respect to u(k), and
()=
f (y(k =1),--, y(k—n, =1),u(k =1),u(k -1),---,u(k —n, -1))
—f (y(k—l),---, y(k—n, =1),u(k =1),---,u(k —n, —1)).
Considering the following equation
¢(k) =n(k)Au(k),

where 77(k) is a variable. Since the condition Au(k) =0, (11)
must have a solution 7(k) . Let
of”
k)= +n(k),
#(k) 2u(K) n(k)
then (10) can be written as

Ay(k +1) = g(k)Au(k) + Ad (k) .

(11)

To prove our main result, the following lemmas are
developed first.

Lemma 1: For the nonlinear system (8) with Assumptions Al,
A2, A3, and using the MFAC algorithms (5)-(7), if #:77 are
chosen as #>0, 7€(0,1) , then the PPD estimated value

¢3(k) is bounded.

Proof: When [Au(k—1)|<¢, the bound of g(k) can be
obtained by the reset algorithm (6).

When |Au(k-1)|>¢ , let F(k)=g(k)—p(k) , then the
parameter estimation algorithm becomes

d(k) =gk - - Ap(K) +

D 0 e pau-D)
U+ |Au(k —1)|

Note that Ay(k) = g(k —D)Au(k —1) + Ad (k —1) , then

I T (e N T
(k) =0 —y+Au2(k—l)2)¢(k 1)
L nAu(k=1)
1+ AU? (K —1)

(12)

(13)
Ad(k —1) - Ag(K).

From (13), it is obvious that

o psur(k-n)
|¢(k)|<‘1 4+ AU (K —1)?

_nAuk=1)
4+ AU (k1)
N ()

1+ AU (K —1)2

|p(k-1)|

‘|Ad (k-1 R 0|

nAu(k —1)

22T i, +2b
1+ AU (k1)

|#(k —1)|+‘
(14)
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Since #>0 and 7 €(0,1), then
nAu (k —1) < AU? (K —1) < 1+ Au? (k -1,
which leads to

0< 5SM<
p+|Auk -1)

Note

| mauk-1) |_ n|auk-D)

|+ AP (k-1)|  p+Au?(k-2)

n (15)
+[Au(k-1) 2f

[Au(k -1 (k )|

then

|#0)| < @-8)[p(k— 1)|+ +2b

Hence
[$()| < @-8)|g(k -] +c

<(1-5) |g$(k —2)| +c(l-8) +c (16)

< (1-0) g+

- (1 5)’
where c:bd—n+2b.
Ju
As 0<1-5<1, thus (k) is bounded. Since ¢(k) is

bounded, then #(k) is bounded.

)= p¢(k)¢(k)

Lemma 2: Define $(k ~
+¢°(k)

, if 0,4 are chosen as

then it exists constants d,,d, such that

2

2. (ob)
4

0<d, <9(kk)<d, <1

The proof of Lemma 2 can be founded in (Hou et al 2011c).
With the above lemmas, the following result can be given.

Theorem 3: For the nonlinear system (8) with Assumptions
Al, A2, A3, and using the MFAC algorithms (5)-(7), when

y' (k) =y =const , if 47 are chosen as #>0, ne(0,1),

, then the system tracking error

2
and o, 4 satisfy 1> ('DZ)

satisfies

limle] < 2, (17)
where e(k) = ly*(k) —y(k).

Proof: From (7), one has

u(k) = u(k 1) + p¢(k()k)e(k). (18)

Theorem 2 gives

y —y(k+D) =y - y(k) - g(k)Au(k) - Ad(k), (19)
Substituting (19) into (18), the following can be obtain

e(k +1) = (1—9(k))e(k) — Ad (k), (20)
then

le(k +1)| <|@-(k))|[e(k)| +|Ad (k). (21)

2
Since u#>0,7¢€(0,1) and ﬂ,>%, then 0<d, <3(k)

<d, <1.Hence

le(k +1)| < (1—d,)[e(k)| + 2b,
< (1-d,)’Je(k —1)|+ (L d,)2b, + 2D,
<(1-d)"e@|+
20, ((L=d)* " +---(1-d,) +1),

(22)

which leads to

2b,
I|m|e(k)| <d—

1

Remark 6: Theorem 3 illustrates the influence of the
disturbance. Although the system output is still stability, the
tracking error not converges to O but a positive constant. The
bound on tracking error depends on the bound on the
disturbance. If the disturbances tend to 0, then the tracking
error also tends to 0.

d(k)

uk) I AW

Plant

Disturbance :

observer |¢

i
Yo MFAC

d(k)

Fig. 1. The configuration of MFAC with disturbances
observer.

4. MFAC WITH DISTURBANCE OBSERVERS

4.1 The improved MFAC algorithm

In this section, a robust MFAC for disturbance attenuation is
proposed. The design procedure for disturbance attenuation is
given in the following procedure:

1) Design a disturbance observer to estimate the disturbance.
2) Integrate the disturbance observer with the controller by
replacing the disturbance in the MFAC algorithm with its
estimation yielded by the disturbance observer.

From Theorem 3, the nonlinear system (8) with disturbance
can be described as

Ay(k +1) = g(k)Au(k) + Ad (k). (23)
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Substituting control algorithm (7) into (23) gives

p(K)
A+[p)|

Note that the term Ad (k) in the right of the Eq.(24), which
results from the disturbance d(k). As shown in Fig.1, if the

disturbance can be estimated, the control low with the
disturbance estimated value can be designed to compensate
the influence of the disturbances. Therefore, the following
improved control algorithm can be given:

uk)=u(k -1)+
ph(K)
2+

where A&(k) is the estimated valued of Ad(k).

y(k+1) = y(k) +4(k) (¥ - yk))+ad(k). (24)

Ad (k)
o)’

(v (k+D) - y(k))- (25)

Theorem 4: For the nonlinear system (8) with Assumptions
Al, A2, A3, and using the MFAC algorithms (5), (6), (25),

when Yy (k)=y =const , if 47 are chosen as

, then the

2
#>0, ne(01) , and p, A satisfy z>(p2)

system tracking error is bounded convergence, and the
bounded depended on the error between Ad (k) and Ad(K).

Proof: Substitute the control algorithm (25) into (23), that is
y(k+1) = y(k) + g(k)Au(k) + Ad (k)

— v+t 22 (y —y)- 20K
/1+‘¢(k)‘ $6) | (26
+Ad (K)
=y + 80 (v - y®) 28 ad (i) + ad k),
4(K)
subtracting y* in both sides of (26) gives
le(k +1)| < f1— 9(K)||e (k)| + %A& (K) = Ad (k)‘. @7)

Since ¢(k),¢3(k), A&(k),Ad (k) are bounded, it exists a small
positive constant & satisfying

) £d(k) - ad (k 28
300 (k)—Ad(k)| < &, (28)
From Lemma 2, (27) and (28), it is obvious that

|e(k +1)|

<(-d,)le(k

< (@-dylek)|+4 (29)

<@-d)’ ek -D[+@-d)& +&
< (1_ dl)k |E(l)| + (1_ dl)k71§1 e (1_ dl)égl + flv

which leads to

- S
limle(k)| <=. 30
fimlect] < g (30)
Hence, the system tracking error is bounded convergence.
The bounded on tracking error depends on & , which is

determined by the error between Aa(k) and Ad(k).

Remark 7: It is shown that the tracking error of the system is
convergence when the disturbance estimated algorithm is
introduced into the MFAC algorithm. The smaller tracking
error can be obtained when & is smaller. From (28), one

knows that & is determined by the estimated algorithm. In

the following, the disturbance observer by RBF neural
network is given.

Au(k —2)

Au(k —1)

Ay(k -1)

Fig. 2. The structure of RBF neural network disturbance
observer.

4.2 Disturbance observer based on RBF neural network

In this paper, a disturbance observer based on radial basis
function (RBF) neural network for estimating disturbance
Ad (k) is introduced. As shown in Fig. 2, RBF networks have
three layers: an input layer, a hidden layer with a non-linear
RBF activation function and a linear output layer. The
number of neurons in input layer, hidden layer and output
layer are 4, m and 1 respectively. The input vector of neural
network is

X =[Ay(K), Ay(k —1), Au(k —1), Au(k — 2)T",

and the radial basis vector is L=[l,,I,,--,1,]", where I; is
Gauss basis function with

o x=of
i =exp( 27 ):

i

j=12,--m.

The centre vector of j -th node is
¢; =[cy €l
It is assumed that the basis width vector is

Q=[0,, % a,]",
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where b; is the basis width parameter of J -th node.
The weight vector of network is given as

W =[w, w0, o,],

then, the output of the RBF neural network is

Ad(K) = o), + @), ++ o,

Considering the following index
)= 3 (ad() - Ad (W),
k

using the gradient descent approach, the following update
algorithms can be obtained:

,(K) = @, (k1) + 7, [Ad (k) - Ad ()],
+ayfo, (k-1 — o, (k-2)]

i "X —C "2
Ag; =[Ad (k) - Ad (K)ol *——5—
b ’ (31)

q; (k) =0, (k-1 +7,A0; +a[q; (k—1)—q; (k—2)]

: X —C;
Ac; = [Ad(k)—Ad (k)]a)j T
i

Cj; (k)= Cji (k-1 +1AC; + al[cji (k-1 —Cj (k=2)]

where 7, is learning rate, and &, is momentum factor. It is

worth pointing out that the training of RBF network needs
some sampling data.

5. SIMULATIONS
In this example, the following SISO nonlinear system is
considered

y(k+1)

B y(k)y(k—l)y(k—2)u(k—1)(y(k—2)—1)+u(k)+d(k) (32)
B 1+ y(k —1)% + y(k - 2)? ’

where d(k) is the external disturbance and it is unknown.
The desired output is

y (K +1) = (=0.5)™™®/2) 0 <k <1000.

Firstly, it is assumed that there is no disturbances (i.e.
d(k)=0 ) and the MFAC algorithms (5)-(7) is used to
control the nonlinear system (32). The initial conditions are
given as u(1:2)=0,y(1:2)=-1, ¢(1:2)=2 £=10", the
resetting initial value of PPD is 0.5, and the controller
parameters are chosen as p=1,41=2,n=Lu=1 . The
simulation results are shown in Fig. 3. It is observed that

satisfactory performance can be achieved by MFAC with the
given controller parameters in the absence of disturbance.

Suppose that there is disturbance acting on output of the
system, given by

d (k) = 0.15cos(kz/30).

As is shown in Fig. 4 by the dotted lines, the output
performance of the system is significantly degraded due to
the effect of disturbance. Then, the RBF neural network
disturbance observer is designed by the procedure presenting
in Section 4. The number of hidden layer’s node of RBF
neural network is chosen as 4, and 7, =0.1,¢, =0.1. The

above designed disturbance observer is then integrated with
the MFAC, and the simulation result is shown in Fig. 4 by the
solid lines. It is obvious that the MFAC with disturbance
observer can improve the output performance significantly,
and it achieves good disturbance attenuation ability. To
further validate the effective, tracking errors for MFAC and
MFAC with disturbance observer are also given in Fig. 5. For
MFAC scheme, there is tracking error caused by the
disturbance. However, the tracking error can be reduced
effectively by disturbance observer, and then better tracking
performance can be achieved.

0.8

— v
— - MFAC

0.6

_—

==

0.4

:44‘

0.2

of |

y(k)

0.2}

0.4}

0.6L

-0.8

I I I I I I I I I
0 100 200 300 400 500 600 700 800 900 1000

time(k)

Fig. 3. The system output for MFAC in absence of
disturbance.

— vk
—— MFAC with disturbance observer

0.8} ~ — MFAC

0.6 R

E/ “
0.4

° &

021 ‘l

“
‘L |
0.4t \}; | il
\\T‘C\'"/”\ ‘ g“ - N
7/ \ / u L -
6

[N
0.6 I
00 700 800

I I I
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time (k)

Fig. 4 The system output for different control algorithms in
presence of disturbance.
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5. CONCLUSIONS

In this paper, the robustness of MFAC system with
disturbances is considered. It is shown that the stability of
MFAC algorithm can be guaranteed when the system
subjects to disturbance, and the bound on tracking error
depends on the bound on the disturbance. Then, a general
framework for design of MFAC with disturbance observer
using RBF network neural technique is proposed. The
theoretical convergence of the tracking error has been
analyzed for the improved MFAC algorithms and the result is
also supported by simulations. RBF network neural can
estimated the disturbance only using the input and output
data, and then can compensate the influence of the
disturbances effectively.

0.9

—— MFAC with disturbance observer
08l - — MFAC

0.7+

0.6

0.5F

le(k)!

0.4+

0.3

|
0.2 | | |

I |

! | 1
0.1 ! |

N Voo omy R\ ’ W P \ \ \ A N s
AR " ST AYATAY | AR AVAVAVAN | REWAVA NS I
o LA Ry DNV I O
0 100 200 300 400 500 600 700 800 900 1000
time(k)

Fig. 5 The tracking error for different control algorithms in
presence of disturbance.
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