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Abstract: In this paper a design procedure for an adaptive tracking controller for a mobile robot
subject to kinematic constraints is presented. The dynamics of the mobile robot is assumed to be
completely unknown, and is on-line identified using neural network based estimators. Both the
form of the controller and the adaptation laws of neural network weights are derived from a
Lyapunov analysis of stability. Under certain conditions, the tracking stability of the closed loop
system, and the convergence of the neural network weight updating process are guaranteed. No
preliminary learning stage of neural network weights is required. Computer simulations
conducted in the case of a mobile robot with two independently actuated wheels are included to
demonstrate the performances of this neural network controller.
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1. INTRODUCTION

In the recent years, the artificial neural
networks, with their strong learning capability,
have proven to be suitable tool for controlling
complex non-linear dynamic systems [1], [6],
[7], [8]. The basic idea behind the neural
network (NN) based control is to use a neural
network estimator to identify the unknown
non-linear dynamics and compensate for it.
Also, the neural network based approach can
deal with the control of non-linear systems that
may not be linearly parameterizable, as required
in many adaptive approaches.

With regard to neural networks it must be noted,
they have been widely adopted in the modelling
and control of robotic manipulators [5].

In this paper we present a design procedure for
the motion control of a mobile robot subject to
kinematic constraints. The dynamics of the
mobile robot is assumed to be completely
unknown, and is on-line identified using neural
network based estimators. Both the form of the
controller and the adaptation law of neural
network weights are derived from a Lyapunov
analysis of stability. Under certain conditions,
the tracking stability of the closed loop system,
and the convergence of the neural network
weight updating process are guaranteed. No
preliminary learning stage of neural network
weights is required.

Computer simulations conducted in the case of a
mobile robot with two independently actuated
wheels are included to demonstrate the
performances of this neural network controller.

The rest of this paper is organized as follows.
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Section 2 is devoted to kinematics and dynamics
modelling of a mobile robot. A design procedure
of a neural network adaptive tracking controller
for a mobile robot is proposed in Section 3. The
performances of the proposed control algorithm
are presented in Section 4 and, finally, Section 5
concludes the paper.

2. KINEMATICS AND DYNAMICS OF A
MOBILE ROBOT

The dynamics of a mobile robot subject to
kinematic constrains has the form [2], [5]:

M (a)4 +V (9,d)d + G(a,q) + A" (q)A + 5=

=B(@)r (1)
where gqe®R" are generalized coordinates,
teRP is the torque input vector, L e R™ is the
vector of constraint forces, M(q)eR™" is a
symmetric and positive definite inertia matrix,
V(q,Gq)eR™" is the centripetal and Coriolis
matrix, G(q,q)eR" is the friction and
gravitational vector, A(q)eR™" is the matrix
associated with constrains, §<9R" denotes
bounded unknown disturbances including
unstructured dynamics, and B(g) e R™P is the
input transformation matrix.

The m kinematic constrains are described by:
A@)4=0 )

Note that, in the following, the p=n-m case is
considered.

With respect to the dynamics of a mobile robot
(1), the following properties hold [5].

Property 1: M(q) is a bounded symmetric and
positive definite matrix.

Property 2: The parameter matrix is bound, that
is:

M inln SM@) <M ol (3
V(g,9) <V, @], (4)
where:

- Mpin, M are positive scalar constants

depending on the mass properties and
constraint matrix,

- 1, isthe nxn identity matrix,

-V, (q) is a positive definite function of q.

Property 3: The matrix M -2V is skew

symmetric [2], [5], that is

M-2v=-(M-2v] with M=v+vT (5
or equivalently,

xT<M—2V)x:O, VxeR" (6)

Assume that the robot is fully actuated. Let
S(q) e R™™™ denote a full rank matrix formed
by (n-m) columns that span the null space of
A(q) defined in (2), as:

ST(q)AT (q)=0 (7)

From (7), one cans find an auxiliary vector
o(t) e R so that for all t,

d=S(q)u(t) (8)

This is called the steering system where o(t)
can be regarded as a velocity input vector.

Equations (1) and (8) describe the dynamics
equations of a mobile robot subject to kinematic
constrains. Multiplying both sides of (1) by ST
and using (7) to eliminate the constraint force
we obtain

STM(q)4+S"V(a,4)§+S"G(q,4)+ST8=
=STB(q)t 9)

Substituting (8) and its derivative, that is
G =S(q)d+ S(q)w into (9) one obtains:

STM(q)So+STM(q)Sed+ SV (q,q)So +
+S7G(9,4)+S"8=S"B(q)t (10)

Equation (10) can by written in a compact form
as:

M(@)o+V (4, Qo+G(@)+5=B()r  (11)

where:

| <I g

W ol ®O
Il

[ Y2
5
[e7]

Property 4: The matrix M -2V in (11) is skew
symmetric.
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Proof: M —2V =2S"MS +STMS —
—2ST(MS +VS)=ST(M —2V)S .

Since M —2V is skew symmetric, therefore,
M — 2V is also skew symmetric.

3. NEURAL NETWORK CONTROLLER
DESIGN FOR MOBILE ROBOT

3.1. Problem statement

In an application, a mobile robot is required to
perform some tasks defined in its task-space. In
order to achieve this objective firstly, some
reference trajectories q, (t) are derived. Torque
commands t are then generated by the
controller to make the mobile robot track the
reference trajectories.

3.2. Neural network controller design
procedure

In this section, a neural network based control
design procedure for a stable tracking of a
reference trajectory for the mobile robot
described by (8) and (11) is derived. The
procedure steps are as follows:

(i) the robot dynamics is redefined as an
error dynamics based on a set of
appropriate chosen Lyapunov functions;

(if) a NN-based estimator is constructed and a
NN learning law is proposed;

(iii) a new control law is derived and

(iv) a proof on the tracking stability of the
overall closed-loop system and the
boundedness on NN weight estimation
errors is derived.

In this paper, it is assumed that the reference
trajectories are available, i.e. they have already
been derived based on the desired task-
trajectories. The main concern is to provide
proper torque inputs that guarantee a stable
tracking of reference trajectories in the presence
of parameter uncertainty and unknown
disturbances.

From previous section it can be seen that for a
mobile robot a tracking error may be defined as

=04 —q (12)

where g, is a desired trajectory.

Assume that there exist a Lyapunov function
V,(q,t), a positive continuous function

W;(t) >0 and a reference smooth feedback
velocity o, (t), such that [5]:
AN

<-W, (t) when g =0. (13
a o 1 (®) q=0.(13)

4=S(q) g

Now, the objective is to derive proper torque
input t in (11), such that the angular velocity
trajectory (t) defined in (8) tracks the

reference velocity o, (t) .
Define the robot velocity tracking error o as
O=0-0y. (14)

Differentiating (14), multiplying both side by
M and substituting (7) into it yields

M (q)® +V (g, )@+ G (q) + 6 +
+ M@)oy +V (9, 9oy =B(q)t (15)

Equation (15) represents the mobile robot
dynamics in term of tracking errors.

Let us choose a Lyapunov function V, as

v, =%63T Mo. (16)

Differentiating (16) along the system trajectories
and using (15) and Property 4 yields
. ~T —_— l ~T ——
V, =0 Mco+§0) Mo =
=o' (B1-G -8 -Ma, Vo). (17)

To design the robot torque input, we choose a
Lyapunov function as

V, =V, +%(S63)T M (Sw) =V, +V,. (18)

Differentiating (18) yields

V3 <-W,(t)+o (Bt-G -5— Moy —Vo,)
=W, (t)+o (Bt-G —May, -Vo,)-o'd
=Wt +0 (Br-y)-o'5, (19)
with the unknown nonlinear term

y=Mo, +Vo, +G . (20)

The nonlinear term v in (20) will be identified

on-line by using a radial basis function (RBF)
NN estimator.
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It is known that RBF networks have capacity to
approximate any smooth function on a compact
set S, cR" [6], [7], [8]), [9]. If f():S, > R"
is a smooth function and {¢(x)} is a RBFs basis
set, then for each continuous function f(),
there exists a weight matrix W such that

f(x)=W"o(X)+e¢, (21)
where the approximation error is bounded by
"8" <gy With gy >0. (22)

Then, the unknown function y in (20) may by

identified using a RBF neural network with
sufficiently high number n, of nodes such that

v=WTh(x) +¢, (23)

where x is the input pattern to the neural
network defined as

x=[ag oy oy &'1". (24)

W e R™UM3m i (23) is the ideal and
unknown weight matrix, which is assumed to be
constant and bounded by

W =ytr(W W) <Wq, (25)

with Wy a known positive constant and ||W ||
the Frobenius norm. The basis functions in
vector h(x) can be chosen as Gaussian functions
defined as

hi(x)=exp(—||x—ci||2/ci2), i=12,...,n,,(26)
where:

- ¢, are centers and

- o, are widths,

which are chosen a priori and kept fixed
throughout for simplicity. Therefore, during the
learning process, only the weight matrix W
must to be adjusted. The estimates of y are
given by

U =WTh(x). (27)

In the development of the NN on-line
estimators, radial basis function (RBF) network
with fixed centers and widths is employed.

Thus, the main objective is to design a proper
control law and properly NN learning laws, such
that the unknown robot dynamics (20) can be
compensated for by the NN estimator (27), and
the stability of the robot error dynamics (15) and
the boundedness on the estimation weights can
be guaranteed. In this way we formulate the
following theorem.

Theorem. If for the system (11) the control law
is chosen as

1=B (ko + V), (28)

with o given by (10), and the weight updating
law for the neural network as

W =—B(ha" + |e]W) (29)

where:
- k>0 isthe control gain,
- B >0 isthe learning rate and

- u>0 isadesign parameter.
Then, by properly choosing of k and p, the
tracking errors of error dynamics described by
(8) and (15) and the NN estimation weights W
are all guaranteed to be uniformly ultimately
bounded (UUB).

Definition. Consider the dynamic system
x= f(x,t) with xeR". The equilibrium point
X, IS said to be uniformly ultimately bounded
(UBB) if there exist a compact set S, c R" so
that for all x, € S, there exist a bound B and a
time T(B,X,), such that |x(t)— x| <B, for all
t>t,+T, where t, is the initial time and
X, = X(to) the initial condition.

Proof of the Theorem. Assume that the
approximation (23) holds, for all x in a compact
set S, . Substituting (28) into (19) yields

V, <-W, (1) + &' (BB (—ka+ ) -y )-0'd
<-W,(t)-kad' @-0'WTh-a"e-a'5, (30)

where W =W —W . Since W, (t) >0, from (30)
one obtains

V, <k 0-aWTh-a&"(e+3). (31)

If denote by k” =mink, based on the
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boundedness ¢ defined in (22), from (31) it
follows that

Vy <K -5 e +5) @)

where 8 =“5” with 8, >0.

Le us chose a Lyapunov function as
V=V, +2—1Btr{VVTVV}. (33)

Differentiating (33) and substituting (32) into it
yields

V=V, +%tr{VVTVV}S—k* P -a" WTh)+

+[aen +5N)—%tr{lVTV\7}S

<-k”

E'o||2 +[@f(ey +8y) -

—%tr{VVT W +Bha' )}. (34)
Substituting now (29) into (34) we obtain

R s Y s [

—%tr{—VVTBhEI)T BT [ + W pheT |
 + ey +8y)+ @rW W . (35)

Using [5],
TV = tr T -
= (0w ), - <, o - oo

relation (35) can be written as:

" + ] [W]_w], -
@] +[@len +80)

G ol ws - wlal ], +

+[all(ey +8y)

= A ol - e 500
il e ~ W, )
-l b}, % -

—(HVZE’Z +ey +8NJ} (37)

=—k"

V<-k”

<-k"

It can be seen that if the parameters p and k”
are chosen so that

EWg +4(sy +38y)

k™| > =
4

(38)

then V <0.

According to Lyapunov theory and to LaSalle
principle, this demonstrates the UUB [4] of the
tracking error @ and the NN weight errors W

and, subsequently, the weight estimates W .
Therefore, the control torque (28) is also
bounded.

4. CASE STUDY

In this section, an adaptive NN-based tracking
controller is designed for the kinematic and the
dynamic model corresponding to a mobile robot
with two actuated wheels, shown in Fig. 1.

y

—
Right wheel
@) » X

Fig. 1. A mobile robot with two actuated wheels.

The performance of this controller is compared
to the performance of a feedback controller
designed for the kinematic model like in Fukao,
etal., 2000 [2].

4.1. Mathematical model

Consider the mobile robot with two actuated
wheels, shown in Fig. 1, where 2b is the width
of the mobile robot and r is the radius of the
wheel, Oxy is the world coordinate system and
P, XY is the coordinate system fixed to the
mobile robot. P, is the middle between the right
and the left driving wheels. P, denotes the
center of mass of the mobile robot, which is on
the X - axis, at the distance d from the origin
P, .
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Let denote by m, and m,, the mass of the robot
body and a wheel with a motor respectively, and
I., I, and I, the moment of inertia of the body
about the vertical axis through P,, the wheel
with a motor about the wheel axis, and the
wheel with a motor about the wheel diameter,
respectively.

The configuration of the mobile robot can be
described by five generalized coordinates:

q=[xy¢6, 6,1, (39)

where (x,y) are the coordinates of the origin
P,. ¢ is the heading angle of the mobile robot,
and 6, and 6, are the angles of the rights and
the left driving wheels.

Assuming the wheels roll and do not sleep, then,
there exist three constraints: the velocity of P,
must be in the direction of the axis of symmetry
and the wheels must do not slip:

ycos¢ —xsing =0,
XCOSg+ysing+bd=ro,, (40)
XCOS¢+ ysing—bg=ro,.

The three kinematic constraints can be rewritten
in the form (2), i.e.

A()4=0, (41)
where
sinp —cos¢ 0 O O
A(gQ)=|cos¢ sing b -r 0| (42
cos¢ sing -b 0 -—r

The kinematic model has the form (5), i.e.

G=S(q)a(t), (43)
with
. ; -
—C0S¢p —Cos
2 ¢ 2 ¢
r. .
—sing —sin¢
2 2 ol
S(q): r r ) w:{ i|l (44)
_ _ o,
2b 2b
1 0
L 1 -
where ®, and , represent the angular

velocities of right and left wheels.

If we denote by v, and o, the linear and
angular velocities of the mobile robot at the
point Py, the relationship between v, and o,
and o, , o, is the following:

1 b

o, v

L’J: i _rE LJ )
r r

Then, the simplest kinematic form of a mobile
robot with two actuated wheels is:

X cosg O

d H le’

pm y|=|sing O{ } (46)
¢ O 1 mr

The dynamic model has the form (7), i.e.
M (q)@ +V (q,d)@ + G (q) + & = B(q)7 (47)

where 7, =0 and M,V,B are expressed as

[5]:

_i(mb2+l)+l i(mbz—l)
M =| 40% " 4b? ,
r r
4b—2(mb2—l) 4b—2(mb2+I)+IW
B 2
0 T m.dg
vV = 2b
“mds o0 |
——m
i 2b C ¢
_f1 0
B= 0 1l (48)

with m=m, +2m,,, I =m.d? + 2m,b? + 1, +21,,.

t=[t,,7,]" consists of motors’ torques 7, and
1,, Which act on the right and left wheels,
respectively.

4.2. Reference trajectory

Let the reference trajectory of the robot be
prescribed as:

Xref Cosq)ref 0
d . Vet
a Yiet |= Sln(i)ref 0 . (49)
re
(I)ref 0 1
where X, Y. and ¢, are the configure of
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the reference robot, and v,; and o, are its
reference inputs.

The tracking errors that is the difference of
position and direction of the real robot from the
reference robot denoted by e,, e,, e; are defined
as [2]:

e cos¢p sing Of X —X
e, |=|—-sing cos¢ Oy —VY|. (50)
€3 0 0 1 (I)ref _(I)

It is easily to show that these errors satisfy the
equation

d e -1 e, V, COSe,
pm e,|=Vv| 0 |[+o —e |+]|V,sine; |. (51)
e, 0 -1 o,

The control inputs denoted by v, and o, which
make e, e,, e; converge asymptotically to zero,
are given by [2], [5]:

v Vi COSE; + K €
¢ |_ ref 3 1 1- , (52)
o, O + Vi K28, +KgSine,
where the positive constants k;, k,,k; are

control gains.

The stability of this tracking system can be
proven by choosing the following Lyapunov
function [2]:

1-cose,

1 2 2
Vo=—(e] +e5)+
o= e

(53)
It is easily to show that the derivative of V,
along the system trajectories is negative definite.

4.3. Simulation results

The values of physical and design parameter are
[2:a=2,b=0.75,d=0.3, r =0.15, m, = 30,
my =1, I. =15.625, I,, =0.005, I, = 0.0025, k; =
ko =ks =5.

The reference inputs are chosen as follow [2]
and are represented in Fig. 2:

te[0,5): Vs =0.25(1—cos(nt/5)),
Opr = 0 ;
te[5,20): Vs =05, 0,4 =0;

t €[20,25): v, =0.25(1+ cos(nt/5)),

mref = O ;
Vs =0.157(1—cos(2nt/5)),
O = Vgt /1.5 ;
t€[30,35): v, =0.15n(1 - cos(2nt/5)),
Oper = Vref /1'5;
t €[35,40) : v, =0.25(1+ cos(nt/5)),
(Dref = 0 ;
te[40,50): v, =05 ®

t e[25,30):

=0.

ref —

08 |
0.6 VrefJr

04 |

02}

0

02 | Oref

04l

-0.6 -

08, 0 30 20 50

20
Time [s]

Fig. 2. Reference inputs Ve, g -

For these reference inputs, the appropriate
angular velocities », and , of the two robot
wheels are represented in Fig. 3.

15

10

16 20 3b 46 50
Time [s]

Fig. 3. Angular velocities o, , o,

The torque commands t, and t, that realize the
two angular velocities designed according the
procedure presented in Section 3.2 are shown in

Fig. 4.

Fig. 5 shows the tracking performance of the
neural adaptive controller. It must be noted that
this controller contains a RBF neural network,
which identifies the completely unknown
dynamics of the mobile robot included in the
unknown nonlinear term y from (20).
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0 16 Zb 36 46 50
Time [s]

Fig. 4. Torque commands t,, T, .

Real robot trajectory

0
\
4L Reference trajectory

Fig. 5. Mobile robot trajectory.

The network weights were initialized with zero,
and the widths o; of Gaussian functions have
all been chosen at the value 0.025. The values of
design parameters used in simulations are: g =
0.025, x = 0.005, k = 0.02. No preliminary
learning stage of neural network weights is
required.

From Fig. 5 one can observe a good behavior of
the proposed neural adaptive control system.
Although the initial position of the mobile robot
is distanced from the reference trajectory, the
NN adaptive controller makes the mobile robot
quite quickly approach the reference trajectory
and afterwards get very close to it and follow its
shape.

5. CONCLUSIONS

In this paper a design procedure of a neural
network adaptive tracking controller for a
mobile robot subject to kinematic constraints
was presented.

The unknown dynamics of the mobile robot was
on-line identified using NN-based estimators.

The form of the controller and the adaptation
laws of NN weights were derived from a
Lyapunov analysis of stability.

The simulation results conducted in the case of a
mobile robot with two actuated wheels
demonstrate a good behaviour of this NN
adaptive controller.
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	To design the robot torque input, we choose a Lyapunov funct
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