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Abstract: In this paper, considering the phenomenon of unsteady attitude control for the hypersonic 

morphing vehicle (HMV) with model parameters uncertainties and unknown disturbance in the morphing 

phase, a polytopic linear parameter varying (PLPV) model-based control scheme is proposed, improving 

the three-axes attitude stabilization and anti-interference ability of HMV in different changing cases of 

negative -dihedral on wingtip winglets. In virtue of the tensor-product (TP) model transformation approach, 

which based on high order singular value decomposition (HOSVD) technique, the PLPV model whose 

scheduling variables are negative-dihedral and its rate is established. Under the frame of parallel distributed 

compensation (PDC), the attitude control design is converted into a convex optimization problem with 

Lyapunov stability theory and linear matrix inequalities (LMI) constraints. The controller designed in this 

work greatly simplifies the design steps and stability analysis of system. Finally, the simulation results 

show the effectiveness of the proposed controller under initial disturbance and various dynamic morphing 

conditions. 
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1. INTRODUCTION 

HMV is combined with the advantages of hypersonic and 

morphing, which satisfies the high demands of speed and 

maneuverability among modern advanced aircrafts. 

Hypersonic flight means that the flight speed exceeds 5 Ma 

generally, so it can reach any position on the earth in a 

relatively short time and carry out rapid attacks on military 

targets even thousands of kilometers away, thus possessing 

strategic deterrence capability that cannot be ignored (Xu and 

Shi, 2015, Zhao et al., 2020). Morphing aircrafts are different 

from the traditional aircrafts that can only be used for specific 

purposes within a particular condition, it can make adaptive 

morphing according to the needs of the environment, profile, 

combat and other factors (Bao et al., 2021). Actively changing 

the shape can increase the range and save energy consumption, 

which effectively improves the aircraft’s operational 

efficiency and expands the flight envelope and application. It 

has higher adaptability to the environment, and strong survival 

and attack capabilities, which means more military 

development potential (Chen et al., 2019, Yan et al., 2020). 

Therefore, it is the focus of attention in large airspace, high 

speed and potent maneuverability weapons in the world. 

Recently, due to the remarkable coupling of the HMV 

dynamics and the presence of significant uncertainties, most of 

existing researches focus on the longitudinal model. Dai et al 

(Dai et al., 2021) proposed an adaptive super twisting slide 

mode controller that reduced the mean tracking error of the 

pitching angle for a quarter based on the longitudinal dynamic 

model of the morphing wave-rider, whose additional morphing 

forces and moments were separated from derivatives of state 

variables. In the presence of unknown dynamics and input 

constraints, a robust adaptive neural dynamic surface 

controller based on the barrier Lyapunov function in 

longitudinal model was presented for a morphing aircraft. (Wu 

et al., 2017).  

Combined with the research status in recent years, it is found 

that the LPV model has attracted extensive attention. It has the 

unique advantage that the state space matrix of LPV model is 

a function of time-varying parameters, so the system can be 

expressed in linear model structure and has strong ability to 

accurately express complex nonlinear system or time-varying 

system.(Hu et al., 2016, Jiang et al., 2015, Ren et al., 2019, 

Jafar et al., 2018, Yang, 2014). Gao Z and Fu J (Gao and Fu, 

2019) proposed a robust aircraft controller under the influence 

of wind disturbance based on the LPV model of function 

substitution. Qu et al (Qu et al.) constructed a discrete-time 

LPV model to develop a novel transition flight control 

architecture. In the field of aircraft attitude control in the 

morphing phase, the switching gain-scheduled control 

approach has more and more application for the LPV systems, 

which can realize the global optimal robust performance 

(Hanifzadegan and Nagamune, 2014, Yuan and Wu, 2015, 

Zhao and Nagamune, 2017). Linearized model is obtained 

through scheduling various time-varying parameters so that 

the control gain can be obtained by the linearized control 

approach (Wang and Zhu, 2021). However, in the face of 

massive sampling of working points, this method has problems 

of unreasonable selection of working points and low 

efficiency. And the scheduling parameters usually change 

continuously, which means that it needs to solve an infinite 

number of LMIs on the entire parameter trajectory, and it is 

impossible to achieve in the practical engineering application. 

An effective approach is to construct the PLPV model, which 

can directly design the controller for a limited number of 

discretized polytopic vertexes of the system, and the LMIs are 
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decreased to several, which greatly improves the controller 

design efficiency. For the HMV system, which is a complex 

nonlinear system and has many time-varying parameters, the 

PLPV modeling and relevant control theory are suitable and 

innovative to adopt on it. Among the previous work, the 

controller researches based on the PLPV model for morphing 

HMV concentrate on the longitudinal motion mainly (Hu et 

al., 2019, Wei et al., 2019a, Wei et al., 2019b), which ignore 

the coupling influence of roll and yaw motion. However, 6-

DOF attitude stability of the three channels is crucial for the 

flight control especially in the morphing phase, and ignoring 

the motion influence of any channel could cause a serious 

accident in the hypersonic flight environment.  

Motivated by the analysis above and compared with the 

existing research work, the main contributions of this paper 

involve: (i) Differing from common longitudinal model, we 

construct the dynamics basic model of HMV in three channels 

of the HMV, and the wingtip winglets are employed as the 

deformation method to improve the stability of roll and yaw 

channels. For the PLPV model, we choose negative-dihedral 

and its rate rather than height and velocity as the scheduling 

parameters, which has more practical significance. (ii) The 

PLPV model of HMV is developed with the Jacobian 

linearization and TP model transformation theory. This model 

can easily be cast as convex optimization, which lays a 

foundation for the subsequent controller design and reduces 

the controller design complexity. (iii) For the controller design 

of HMV in the morphing phase, we combine the methods of 

PDC framework and LMI constraints, which improves the 

controller design efficiency and simplifies the Lyapunov 

stability analysis and proof of the system. In numerical 

simulation, the effectiveness of proposed controller is proven 

to ensure angle tracking and attitude stability in the various 

morphing cases and initial disturbance. 

The remaining of the paper is organized as follows: Section 2 

presents the simplified model and nonlinear dynamical 

equations of HMV. Section 3 gives the main process of 

controller design and stability analysis, which includes the 

establishment of PLPV model by Jacobian linearization and 

TP model transformation approach, and the controller design 

based on PDC framework and LMI constrains. Section 4 

presents and discusses simulation results about angle tracking 

and angular velocities changing situations under different 

morphing conditions. And the final Section 5 puts forward the 

concluding remarks of the work. 

2. NONLINEAR DYNAMIC MODEL FOR HMV 

The object considered in this paper is HMV whose body part 

is the slender shape, and the wings adopt a large sweepback 

layout. In the initial stage of HMV reentry at a high angle of 

attack, due to the separation of airflow at the back of the 

fuselage, it is easy to cause the failure of the tail wing, which 

leads to the divergence problem. Therefore, both wings are 

equipped with variable negative-dihedral wingtip winglets to 

enhance the stability of the horizontal and lateral channels in 

this research.  

To efficiently express the main dynamic characteristics of 

HMV without loss of generality, the following assumptions 

are made: 

(1) The fuselage and both wings are rigid bodies with 

constant mass, and the distance between particles of each 

rigid body remains stable. Elastic mode is not considered 

in the modeling. 

(2) The fuselage and wings are considered uniform and 

smooth geometry, and the influence caused by particular 

configuration (such as irregular body, joint, Etc.) is not 

considered. 

(3) Ignoring the influence of the earth’s rotation and 

curvature. 

Regardless of control equipment’s and actuators’ dynamic 

characteristics, the HMV model is simplified into three rigid 

bodies: main body, left and right winglet. The simplified 

model and key points coordinate are shown in Fig. 1. 

Fig. 1. Simplified HMV model and key points coordinate. 

where 𝑂𝑏  denotes the main center of mass. 𝑜𝑙, 𝑜𝑟 denote the 

centers of mass of the left and right wingtip winglets, 

respectively. The longitudinal distance (on the direction of 

𝑂𝑏𝑥𝑏 ) from 𝑂𝑏  to the connection between the 𝑜𝑙  and 𝑜𝑟  is 

defined as ℎ . The horizontal distance (on the direction of 

𝑂𝑏𝑧𝑏) from 𝑂𝑏  to junction is defined as 𝑖, and the junction to 

the corresponding center of mass of the winglet is defined as 

𝑙. 

Based on Kane’s method for a Multiple-rigid-body system, the 

control-oriented model of the 6-DOF dynamics of HMV is 

established considering the influence of negative-dihedral and 

its rate. The equations are expressed as follows 

{
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 𝑉̇𝑥 = 𝜔𝑧𝑉𝑦 −𝜔𝑦𝑉𝑧 +

𝐿 𝑠𝑖𝑛 𝛼 − 𝐶 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛽 − 𝐷 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠𝛽

𝑚𝑇

− 𝑔 𝑠𝑖𝑛 𝜗

𝑉̇𝑦 = 𝜔𝑥𝑉𝑧 −𝜔𝑧𝑉𝑥 +
𝐷 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛽 + 𝐿 𝑐𝑜𝑠 𝛼 + 𝐶 𝑠𝑖𝑛 𝛼 𝑠𝑖𝑛 𝛽

𝑚𝑇

− 𝑔 𝑐𝑜𝑠𝜗 𝑐𝑜𝑠 𝛾

𝑉̇𝑧 = 𝜔𝑦𝑉𝑥 −𝜔𝑥𝑉𝑦 +
−𝐷 𝑠𝑖𝑛 𝛽 + 𝐶 𝑐𝑜𝑠 𝛽

𝑚𝑇

+ 𝑔 𝑐𝑜𝑠 𝜗 𝑠𝑖𝑛 𝛾

𝜔̇𝑥 =
𝑐5𝑀𝑥 − 𝑐2𝑀𝑦 + (𝑐2𝑐6 + 𝑐2𝑐5)𝜔𝑥𝜔𝑧 + (𝑐2𝑐2 − 𝑐3𝑐5)𝜔𝑦𝜔𝑧 − 𝑐4𝑐5 + 𝑐2𝑐7

𝑐1𝑐5 − 𝑐2
2

𝜔̇𝑦 =
𝑐2𝑀𝑥 − 𝑐1𝑀𝑦 + (𝑐2

2 + 𝑐1𝑐6)𝜔𝑥𝜔𝑧 + (𝑐1𝑐2 − 𝑐2𝑐3)𝜔𝑦𝜔𝑧 − 𝑐2𝑐4 + 𝑐1𝑐7
𝑐2
2 − 𝑐1𝑐5

𝜔̇𝑧 =
𝑀𝑧 − 𝑐9𝜔𝑥𝜔𝑦 + 𝑐2(𝜔𝑦

2 − 𝜔𝑥
2) − 𝑐10

𝑐8

𝑉̇ = −𝑔 𝑠𝑖𝑛 𝜃 −
𝐷

𝑚𝑇

𝛼̇ = −𝜔𝑥 𝑐𝑜𝑠 𝛼 𝑡𝑎𝑛 𝛽 +𝜔𝑧 +𝜔𝑦 𝑠𝑖𝑛 𝛼 𝑡𝑎𝑛 𝛽 +
𝑔

𝑉 𝑐𝑜𝑠 𝛽
𝑐𝑜𝑠 𝜇 𝑐𝑜𝑠 𝜃 −

𝐿

𝑚𝑇𝑉 𝑐𝑜𝑠 𝛽

𝛽̇ = 𝜔𝑥 𝑠𝑖𝑛 𝛼 +𝜔𝑦 𝑐𝑜𝑠𝛼 −
𝑔

𝑉
𝑠𝑖𝑛 𝜇 𝑐𝑜𝑠 𝜃 +

𝐶

𝑚𝑇𝑉

𝜃̇ =
−𝑔 𝑐𝑜𝑠𝜃

𝑉
+
𝐿 𝑐𝑜𝑠 𝜇 − 𝐶 𝑠𝑖𝑛 𝜇

𝑚𝑇𝑉

𝜓̇𝑉 =
𝐿 𝑠𝑖𝑛 𝜇 + 𝐶 𝑐𝑜𝑠 𝜇

𝑚𝑇𝑉 𝑐𝑜𝑠 𝜃

𝜇̇ = −𝛼̇ 𝑠𝑖𝑛 𝛽 + 𝜓̇𝑉 𝑠𝑖𝑛 𝜃 + 𝜔𝑥 𝑐𝑜𝑠 𝛼 𝑐𝑜𝑠𝛽 + 𝜔𝑧 𝑠𝑖𝑛 𝛽 − 𝜔𝑦 𝑐𝑜𝑠 𝛽 𝑠𝑖𝑛 𝛼

(1) 
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where 𝑉𝑥 , 𝑉𝑦 and 𝑉𝑧 denote the components of the velocity 𝑉 of 

HMV on the axes of 𝑥𝑏 , 𝑦𝑏  and 𝑧𝑏 , respectively. 𝜔𝑥 , 𝜔𝑦  and 

𝜔𝑧 denote the rolling, yawing and pitching angular velocities. 

𝛼, 𝛽  denote the angle of attack and sideslip. 𝜃, 𝜓𝑉  and 𝜇 

denote the velocity path angle, velocity yaw angle and the bank 

angle. 𝜗, 𝜓 and 𝛾 denote the angle of pitch, yaw and roll. 𝐿, 𝐷 

and 𝐶 denote the lift, drag and side aerodynamic force. 𝑀𝑥, 𝑀𝑦 

and 𝑀𝑧 denote the projection of aerodynamic moments on the 

axes of 𝑥𝑏 , 𝑦𝑏  and 𝑧𝑏, respectively. 𝑚𝑇 , 𝑚 denote the mass of 

HMV and winglet. 𝐽𝑏𝑥, 𝐽𝑏𝑦  and 𝐽𝑏𝑧  are rotational inertia on 

three axes. And 𝛤, 𝛤̇ denote the negative-dihedral and its rate. 

The internal coefficients are expressed as follows 

{
 
 
 
 
 

 
 
 
 
 
𝑐1 = 𝐽𝑏𝑥 + 2𝑚𝑖

2 + 2𝑚𝑙2 + 4𝑚𝑙𝑖 𝑐𝑜𝑠 𝛤
𝑐2 = −2𝑚𝑙ℎ 𝑠𝑖𝑛 𝛤

𝑐3 = −𝐽𝑏𝑦 + 𝐽𝑏𝑧 − 2𝑚𝑖
2 − 4𝑚𝑙𝑖 𝑐𝑜𝑠 𝛤 + 2𝑚𝑙2 𝑠𝑖𝑛2 𝛤 − 2𝑚𝑙𝑙

2 𝑐𝑜𝑠2 𝛤

𝑐4 = 𝛤̇(−4𝑚𝑙𝑖𝜔𝑥 𝑠𝑖𝑛 𝛤 − 2𝑚𝑙ℎ𝜔𝑦 𝑐𝑜𝑠 𝛤)

𝑐5 = 𝐽𝑏𝑦 + 2𝑚ℎ
2 + 2𝑚𝑖2 + 4𝑚𝑙𝑖 𝑐𝑜𝑠 𝛤 + 2𝑚𝑙2 𝑐𝑜𝑠2 𝛤

𝑐6 = 𝐽𝑏𝑥 − 𝐽𝑏𝑧 − 2𝑚ℎ
2 + 2𝑚𝑖2 + 4𝑚𝑙𝑖 𝑐𝑜𝑠 𝛤 + 2𝑚𝑙2 𝑐𝑜𝑠2 𝛤

𝑐7 = 𝛤̇(−4𝑚𝑙𝑖𝜔𝑦 𝑠𝑖𝑛 𝛤 − 4𝑚𝑙
2𝜔𝑦 𝑠𝑖𝑛 𝛤 𝑐𝑜𝑠 𝛤 − 2𝑚𝑙ℎ𝜔𝑥 𝑐𝑜𝑠 𝛤)

𝑐8 = 𝐽𝑏𝑧 + 2𝑚ℎ
2 + 2𝑚𝑙2 𝑠𝑖𝑛2 𝛤

𝑐9 = −𝐽𝑏𝑥 + 𝐽𝑏𝑦 + 2𝑚ℎ
2 − 2𝑚𝑙2 𝑠𝑖𝑛2 𝛤

𝑐10 = 𝛤̇(4𝑚𝑙
2𝜔𝑧 𝑠𝑖𝑛 𝛤 𝑐𝑜𝑠 𝛤)

(2) 

3. PLPV MODEL-BASED ATTITUDE CONTROLLER 

DESIGN 

In this section, we propose a new attitude controller based on 

the PLPV model of the HMV. The specific steps of the overall 

process of PLPV modeling and controller design are shown in 

Fig. 2. And the details are described in subsections, 

respectively. 

3.1 Linearization of the HMV model 

According to the dynamical equations of HMV built in Section 

2, we adopt the Jacobian linearization method based on Taylor 

series expansion near the equilibrium points. The linearized 

model from the original model expansion at different working 

points is obtained. For the unpowered reentry HMV in this 

paper, the control mission is to achieve accurate tracking of 

instructions of airflow angles 𝛼, 𝛽, 𝜇  and ensure self-

stabilization of angular velocities during the flight. Hence the 

state variables of model are chosen as 𝒙 =
[𝛼, 𝛽, 𝜇, 𝜔𝑥, 𝜔𝑦 , 𝜔𝑧]

𝑇 . Control inputs are elevator deviation 

and differential deviation 𝒖 = [𝛿𝑒, 𝛿𝑎]
𝑇 , which are generated 

by the same or reverse deflection of the two flaps at the rear of 

the HMV. We select the equilibrium points are 𝛼𝑠 = 20∘ in the 

longitudinal channel, and zero in the horizontal and lateral 

channels. In brief, the state equilibrium points are set as 𝒙𝑠 =
[20,0,0,0,0,0]𝑇 . And the difference are 𝛥𝒙 = 𝒙 − 𝒙𝒔  , 𝛥𝒖 =
𝒖 − 𝒖𝑠. Scheduling variables are negative-dihedral and its rate 

of winglets in this paper, which are expressed as (𝛤̇, 𝛤). The 

linearized state space model is described as 

𝛥𝒙̇ = 𝑨𝛥𝒙 + 𝑩𝛥𝒖                                                                         (3) 

where parameter-dependent system matrices 𝑨,𝑩  can be 

written as 

 

 

Fig. 2. Overall process of controller design. 

𝑨 =

[
 
 
 
 
 
𝐴11 0 0 0 0 1
𝐴21 𝐴22 𝐴23 𝐴24 𝐴25 0
0 𝐴32 0 𝐴34 𝐴35 0
𝐴41 𝐴42 0 𝐴44 𝐴45 0
𝐴51 𝐴52 0 𝐴54 𝐴55 0
𝐴61 0 0 0 0 𝐴66]

 
 
 
 
 

                               (4) 

𝑩 =

[
 
 
 
 
 
0 0
0 0
0 0
0 𝐵42
0 𝐴52
𝐵61 0 ]

 
 
 
 
 

                                                                           (5) 

Based on the model (1) and (2), the specific elements in 𝑨,𝑩 

are expressed as follows 

{
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 𝐴11 =

−1

𝑚𝑇𝑉

𝜕𝐿

𝜕𝛼
,   𝐴21 =

1

𝑚𝑇𝑉

𝜕𝑌

𝜕𝛼
  

𝐴22 =
1

𝑚𝑇𝑉

𝜕𝑌

𝜕𝛽
,   𝐴23 =

𝑔

𝑉
𝑐𝑜𝑠 𝜇

𝐴24=sin𝛼,   𝐴25 = 𝑐𝑜𝑠 𝛼

𝐴32 =
−1

𝑐𝑜𝑠2 𝛽
(
𝑔

𝑉
−

𝐿

𝑚𝑇𝑉
) ,   𝐴34 =

𝑐𝑜𝑠 𝛼

𝑐𝑜𝑠 𝛽

𝐴35 =
𝑠𝑖𝑛 𝛼

𝑐𝑜𝑠𝛽
,  𝐴41 =

𝑐5
𝑐1𝑐5 − 𝑐2

2

𝜕𝑀𝑥

𝜕𝛼
−

𝑐2
𝑐1𝑐5 − 𝑐2

2

𝜕𝑀𝑦

𝜕𝛼

𝐴42 =
𝑐5

𝑐1𝑐5 − 𝑐2
2

𝜕𝑀𝑥

𝜕𝛽
−

𝑐2
𝑐1𝑐5 − 𝑐2

2

𝜕𝑀𝑦

𝜕𝛽
   𝐴61 =

𝜕𝑀𝑥

𝜕𝛼
/𝑐8

𝐴44=4
𝑐5

𝑐1𝑐5 − 𝑐2
2
𝛤̇𝑚𝑙𝑙𝑖 𝑠𝑖𝑛 𝛤 − 2

𝑐2
𝑐1𝑐5 − 𝑐2

2
𝛤̇𝑚𝑙𝑙ℎ 𝑐𝑜𝑠 𝛤 +

(𝑐2𝑐6 + 𝑐2𝑐5)𝜔𝑧
𝑐1𝑐5 − 𝑐2

2

𝐴45=2c5𝛤̇𝑚𝑙𝑙ℎ 𝑐𝑜𝑠 𝛤 − 4𝑙𝑚𝑙𝑐2𝛤̇ 𝑠𝑖𝑛 𝛤 (𝑖 + 𝑙 𝑐𝑜𝑠 𝛤) +
(𝑐2𝑐2 − 𝑐3𝑐5)𝜔𝑧
𝑐1𝑐5 − 𝑐2

2

𝐴51 =
𝑐2

𝑐2
2 − 𝑐1𝑐5

𝜕𝑀𝑥

𝜕𝛼
−

𝑐1
𝑐2
2 − 𝑐1𝑐5

𝜕𝑀𝑦

𝜕𝛼
   𝐴66 =

−4𝛤̇𝑚𝑙𝑙
2 𝑠𝑖𝑛 𝛤 𝑐𝑜𝑠𝛤

𝑐8

𝐴51 =
𝑐2

𝑐2
2 − 𝑐1𝑐5

𝜕𝑀𝑥

𝜕𝛽
−

𝑐1
𝑐2
2 − 𝑐1𝑐5

𝜕𝑀𝑦

𝜕𝛽

𝐴54=4
𝑐2

𝑐2
2 − 𝑐1𝑐5

𝛤̇𝑚𝑙𝑙𝑖 𝑠𝑖𝑛 𝛤 − 2
𝑐1

𝑐2
2 − 𝑐1𝑐5

𝛤̇𝑚𝑙𝑙ℎ 𝑐𝑜𝑠 𝛤 +
(𝑐2𝑐2 + 𝑐1𝑐6)𝜔𝑧
𝑐2
2 − 𝑐1𝑐5

𝐴55=2c2𝛤̇𝑚𝑙𝑙ℎ 𝑐𝑜𝑠 𝛤 − 4𝑙𝑚𝑙𝑐1𝛤̇ 𝑠𝑖𝑛 𝛤 (𝑖 + 𝑙 𝑐𝑜𝑠𝛤) +
(𝑐1𝑐2 − 𝑐2𝑐3)𝜔𝑧
𝑐2
2 − 𝑐1𝑐5

 (6) 
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{
 
 
 
 

 
 
 
 
𝐵42 =

(𝑐5
𝜕𝑀𝑥

𝜕𝛿𝑎
− 𝑐2

𝜕𝑀𝑦

𝜕𝛿𝑎
)

(𝑐1𝑐5 − 𝑐2
2)

𝐵52 =
(𝑐2

𝜕𝑀𝑥

𝜕𝛿𝑎
− 𝑐1

𝜕𝑀𝑦

𝜕𝛿𝑎
)

(𝑐2
2 − 𝑐1𝑐5)

𝐵61 =

𝜕𝑀𝑧

𝜕𝛿𝑒
𝑐8

                                                                                  (7) 

3.2 TP model transformation 

TP model has the universal approximation property, so that 

various kinds of dynamic models can be given in TP model 

form. The aim of this subsection is to introduce how to extract 

TP model from the linearized model. The transformation 

process can be divided into three steps: First, discretize the 

given system matrix in the space composed of scheduling 

variables and store as a high-order tensor form. In order not to 

lose the accuracy of the discretized model, the grid points 

should be selected intensively; Second, execute HOSVD and 

the standardized transformation method for the weight 

function to obtain the vertex system of PLPV model; Finally, 

determine the continuous weight function to obtain the 

polytopic expression of original system. 

By means of TP transformation, the system described above 

can be transformed into a polytopic system composed of a 

convex set of multiple vertexes, which is constituted by linear 

time invariant (LTI) systems. Convex vertexes can almost 

describe the behavior of the system without analyzing all 

points, and what’s more, for the subsequent controller design, 

the problem of solving infinite LMI is simplified to the 

problem of solving finite vertexes LMI, which greatly reduces 

the controller design steps. 

Considering the dynamic characteristics of the HMV model, 

in order to obtain the system model under different negative-

dihedral varying with time, 𝑡  is introduced and scheduling 

variable vector is 𝒑(𝑡) = [𝛤̇(𝑡), 𝛤(𝑡)] . Therefore, the state 

space equation becomes 

𝛥𝒙̇ = 𝑨[𝒑(𝑡)]𝛥𝒙 + 𝑩[𝒑(𝑡)]𝛥𝒖                                                 (8) 

The system matrix is defined as follows 

𝑺 = [𝑨[𝒑(𝑡)], 𝑩[𝒑(𝑡)]]                                                              (9) 

Firstly, discretize the system matrix and determine the grid 

density. According to the actual HMV application, in order not 

to lose the accuracy of the discretized model and to reduce 

computational cost, the space of scheduling variable is defined 

as 𝒑(𝑡) ∈ 𝛀 = [−10,10] × [0,90]. The density of grid points 

is uniformly selected as 41 × 91, which means the range of 

negative-dihedral rate is −10 ∼ 10°/𝑠 and the interval is 

0.5°/𝑠, and the range of negative-dihedral is 0 ∼ 90° and the 

interval is 1°. Then the system matrix is sampled at the given 

discrete grid points and stored in a higher-order tensor 𝑺𝐷. 

𝑺𝐷 ∈ 𝕽𝑂×𝐼×𝑀1×𝑀2                                                                       (10) 

where 𝑂 and 𝐼 denote the dimension of the system matrix, 𝑀1 

and 𝑀2  are the number of grid points divided for negative-

dihedral rate and negative-dihedral, respectively. 

For the HMV system, the morphing parameters 𝛤̇(𝑡) and 𝛤(𝑡) 
play vital roles in modeling. Therefore, considering the 

influence of their changes, we execute HOSVD only for the 

latter two dimensions of 𝑺𝐷. By discarding all minor or zero 

singular values 𝜎𝑘  and their corresponding singular vectors, 

which means they are not the main components of 𝑺𝐷 , we 

obtain the non-zero significant singular values of the two 

dimensions finally as shown in Table 1. 

Table 1. Significant singular values of scheduling 

variables. 

 Singular values of  𝛤̇ Singular values of  𝛤 

1 273.11 271.81 

2 0.87 26.42 

3 / 2.89 

4 / 0.02 

From Table 1, it is noticed that the velocity dimension and the 

angle dimension have two and four non-zero significant 

singular values, respectively. Nevertheless, the fourth singular 

value of the angle dimension differs from the third by two 

orders of magnitude, so we choose to retain the first three 

singular values. In the end, the core tensor 𝑺𝑘 ∈ 𝕽
𝑂×𝐼×2×3 of 

the system is obtained, and its approximation to the original 

system is described as follows 

𝑺𝐷 ≈
𝑒
𝑺𝑘⊗

𝑛
𝑼𝑛                                                                            (11) 

where 𝑼𝑛  is the 𝑛th dimension of the corresponding singular 

vector, and the approximation error 𝑒 is bounded as follows 

𝑒 = (‖𝑺𝐷 − 𝑺𝑘⊗
𝑛
𝑼𝑛‖

𝐿2

)

2

≤∑𝜎𝑘
2

𝑘

                               (12) 

The obtained core tensor 𝑺𝑘  includes the selected working 

points, which constitutes the vertex system of original system. 

However, in order to ensure that the vertex system can satisfy 

the design requirements of subsequent controller, it is 

necessary to convert the singular vectors into the form of sum-

normalized (SN), non-negative (NN) and normal-orthogonal 

(NO) (Petres, 2006). 

For clear demonstration, the initial singular vectors after 

HOSVD are shown in Fig. 3, in which the different line styles 

indicate the various weighting function for each scheduling 

variable. It is straightforward to see that the initial singular 

vectors do not meet any requirements. 

Therefore, the SN, NN and NO transformations need to be 

executed on the initial singular vectors step by step. First, 

about the SN transformation, matrices 𝑻_𝑺𝑵_𝟑 and 𝑻_𝑺𝑵_𝟒 

for the weighting matrices 𝑼𝟑 and 𝑼𝟒 are designed as follows 

(Casillas et al., 2003) 

𝑻_𝑺𝑵_𝟑 = 𝑰2×2 + [𝑠𝑢𝑚((𝑼𝟑
(𝑟))𝑇) − 𝟏2×1, 𝟎2×1]            (13) 

𝑻_𝑺𝑵_𝟒 = 𝑝𝑖𝑛𝑣(𝑼𝟒(𝑟))𝑼𝟒′                                                    (14) 

where  

𝑼𝟒′ = [𝑼𝟒(𝑟), 𝑼𝟒(𝑑)𝑠𝑢𝑚 ((𝑼𝟒(𝑑))𝑇)] [
𝜱𝑎 𝟎𝟑×𝟏
𝟎1×3 𝟏

]      (15) 
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𝜱𝑎 = 𝑑𝑖𝑎𝑔[𝑠𝑢𝑚((𝑼𝟒(𝑟))𝑇)]                                                  (16) 

where the expression 𝑠𝑢𝑚(𝑼) denotes a vector consisting of 

the sum of the elements in each row of a matrix 𝑼. 𝑝𝑖𝑛𝑣(𝑼) 
represents taking the pseudo inverse of the matrix 𝑼. 𝑑𝑖𝑎𝑔(𝑼) 
denotes 𝑼 is a diagonal matrix. The superscripts (𝑟) and (𝑑) 
represent the reserved and discarded columns, respectively. 

Fig. 3. Initial singular vectors. 

Next, the NN transformation matrices 𝑻_𝑵𝑵_𝟑 and 𝑻_𝑵𝑵_𝟒 

are designed as follows 

𝑻_𝑵𝑵_𝟑 =
1

2 + 1
[
2 1
1 2

]                                                          (17) 

𝑻_𝑵𝑵_𝟒 =
1

4+1
[

2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

]                                              (18) 

And the singular vectors after SN and NN transformations are 

shown in Fig. 4. 

In addition, to satisfy the requirements of the NO form, the 

dimension of singular vectors that satisfies the SN and NN 

form needs to be reduced. There are two steps of the NO 

transformation in this work: (i) Project the singular vectors 

from the original 𝑛𝑐𝑜𝑙  dimension space to the 𝑛𝑐𝑜𝑙 − 1 

dimension space, which can be implemented by multiplying a 

given matrix 𝑫𝑹  to the singular vector. (ii) Add an extra 

vertex in the angle dimension to achieve strict NO 

transformation, and the vertex system becomes 2 × 4. With all 

transformations finished, the singular vectors are shown in Fig. 

5. 

𝑫𝑹 = [

1 ⋯ 0 0
⋮ ⋱ ⋮ ⋮
1 ⋯ 1 0
1 ⋯ 1 1

]

𝑛𝑐𝑜𝑙×𝑛𝑐𝑜𝑙

                                             (19) 

However, the sampling points are discrete and the actual state 

values continuously changing. It is vital to obtain the 

continuous weight function with the scheduling variables to 

ensure that the PLPV system can represent the real 

characteristics of the original system. Based upon the 

properties of the TP model transformation, the obtained 

singular vectors have satisfied the weight function standard, so 

only the core tensor 𝑺𝑘 needs to be transformed. The specific 

steps are described as follows 

{
𝑻_𝟏 = 𝑝𝑖𝑛𝑣(𝑻_𝑵𝐎_𝟑) ∙ 𝑝𝑖𝑛𝑣(𝑻_𝑵𝑵_𝟑) ∙ 𝑝𝑖𝑛𝑣(𝑻_𝑺𝑵_𝟑)

𝑻_𝟐 = 𝑝𝑖𝑛𝑣(𝑻_𝑵𝐎_𝟒) ∙ 𝑝𝑖𝑛𝑣(𝑻_𝑵𝑵_𝟒) ∙ 𝑝𝑖𝑛𝑣(𝑻_𝑺𝑵_𝟒)
 (20) 

𝑺𝑘
′ = 𝑺𝑘 ⊗

1
𝑻_𝟏⊗

2
𝑻_𝟐                                                                 (21) 

where 𝑺𝑘
′ ∈ ℜ𝑂×𝐼×2×4 is the new core tensor. 

Fig. 4. Singular vectors satisfied SN and NN forms. 

Fig. 5. Singular vectors satisfied all forms. 

After the TP model transformation, the polytopic system with 

eight vertexes is obtained. The relationship between each 

column of singular vectors and scheduling variables can be 

acquired by fitting or interpolation, which can determine the 
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continuous weight function and ultimately construct the PLPV 

model of HMV.  

3.3 Controller design and stability analysis 

The subsection introduces the controller design to the 

extracted PLPV model and the analysis and proof of the 

system stability theoretically. Once the system model is given 

in the form of TP, the design of the controller can be simplified 

to solve the LMI constraints problem (Baranyi.p, 2015). The 

PDC framework was developed for Takagi-Sugeno (TS) fuzzy 

models (Wang et al., 1995) and often applied in research 

combined with LMI constraints. In recent years, LMI theories 

have been used in more and more researches to solve the 

control gain problem of the vertex systems (Jiang et al., 2016, 

Cai et al., 2021, Liu et al., 2021, The Hung et al., 2020). 

In this work, the main idea of PDC-LMI is to design the 

controller in the same polytopic system as that of the original 

system. And the controller is the convex combination of the 

linearized controller, whose feedback gains can be derived 

from the vertex LTI systems of the polytopic system using the 

LMI technique. Next, we will introduce the HMV controller 

design scheme according to the PDC-LMI methods.  

Based on the constructed PLPV model, the dynamic 

characteristics of the original HMV nonlinear system can be 

expressed by the vertex system contained in the new core 

tensor, that is 

𝒙̇(𝑡) = 𝑺𝑘
′ 𝐶𝑂 ⊗ 𝒘𝑛

𝐶𝑂(𝒑(𝑡)) (
𝒙(𝑡)

𝒖(𝑡)
)

𝑁

𝑛=1
                                     (22) 

where 𝒘𝑛
𝐶𝑂(𝒑(𝑡))  represents the weight function of the 

corresponding dimension.  

And the feedback control law of the PLPV model can be 

determined by 

𝒖(𝑡) = −(𝑲 ⊗ 𝒘𝑛
𝐶𝑂(𝒑(𝑡))

𝑁

𝑛=1
) 𝒙(𝑡)                                       (23) 

where 𝑲 denotes the state feedback gains. It can be seen that 

the weight function used in gain scheduling under the PDC 

framework is the same as that used in the TP modeling. 

Therefore, we only need to design the state feedback gains for 

the vertex system to complete the global scheduling of the 

whole system and achieve stable control performance. 

Expanding the equation (22), the description of the system 

dynamic characteristics can be rewritten as follows 

𝒙̇(𝑡) = ∑𝑤𝑟(𝒑(𝑡))(𝑨𝒓𝒙(𝑡) + 𝑩𝒓𝒖(𝑡))

𝑅

𝑟=1

                             (24) 

where 𝜜𝒓  and 𝑩𝒓  are the state transition matrix and control 

matrix of the vertex system obtained by the HOSVD method, 

and 𝑤𝑟(𝒑(𝑡)) is the corresponding weight function. Under the 

PDC framework, the control law (23) can be expressed more 

concisely as follows 

𝒖(𝑡) = −(∑𝑤𝑟(𝒑(𝑡))𝑲𝒓

𝑅

𝑟=1

)𝒙(𝑡)                                         (25) 

where 𝑲𝒓  is the corresponding feedback gains. Apply the 

control law (25) into (24), we get 

𝒙̇(𝑡) = ∑∑𝑤𝑟(𝒑(𝑡))𝑤𝑠(𝒑(𝑡))(𝑨𝒓 −𝑩𝒓𝑲𝒔)𝒙(𝑡)      

𝑅

𝑠=1

𝑅

𝑟=1

 (26) 

By defining 𝑮𝒓,𝒔 = 𝑨𝒓 −𝑩𝒓𝑲𝒔 , the system dynamic 

characteristics equation can be simplified as follows 

𝒙̇(𝑡) =∑𝑤𝑟(𝒑(𝑡))𝑤𝑟(𝒑(𝑡))𝑮𝒓,𝒓𝒙(𝑡)

𝑅

𝑟=1

+

         2∑𝑤𝑟(𝒑(𝑡))𝑤𝑠(𝒑(𝑡)) (
𝑮𝒓,𝒔 + 𝑮𝒔,𝒓

2
) 𝒙(𝑡)

𝑅

𝑟<𝑠

(27)

 

Based on the well-known Lyapunov stability theory, the 

condition that the system (27) can be globally asymptotically 

stable at the equilibrium point is to find a positive definite 

matrix 𝑷 such that 

𝑮𝒓,𝒓
𝑇𝑷 + 𝑷𝑮𝒓,𝒓 < 0，   𝑟 = 1,2,⋯ , 𝑅                                 (28) 

(
𝑮𝒓,𝒔 + 𝑮𝒔,𝒓

2
)
𝑇

𝑷 + 𝑷(
𝑮𝒓,𝒔 + 𝑮𝒔,𝒓

2
) ≤ 0,   𝑟 < 𝑠 ≤ 𝑅        (29) 

With a new positive definite matrix 𝑿 = 𝑷−1  and a new 

controller solution matrix 𝑴𝑟 = 𝑲𝑟𝑿 defined, the controller 

design criterion is to find the 𝑿  and the 𝑴𝑟  to satisfy the 

following LMI constraints. 

−𝑿𝑨𝑟
𝑇 − 𝑨𝑟𝑿 +𝑴𝑟

𝑇𝑩𝑟
𝑇 + 𝑩𝑟𝑴𝑟 > 0,  𝑟 = 1,2,⋯ , 𝑅  (30) 

−𝑿𝑨𝑟
𝑇 − 𝑨𝑟𝑿 − 𝑿𝑨𝑠

𝑇 − 𝑨𝑠𝑿 +𝑴𝑠
𝑇𝑩𝑟

𝑇  

+𝑩𝑟𝑴𝑠 +𝑴𝑟
𝑇𝑩𝑠

𝑇 +𝑩𝑠𝑴𝑟 ≥ 0, 𝑟 < 𝑠 ≤ 𝑅                     (31) 

The solution of the whole controller is carried out in the 

MATLAB environment, and the results are listed as follows 

𝐾11 = [
-0.6722 0 0 0 0 -2.191

0 -114.7 9.800 59.90 -412.1 0
] (32) 

𝐾12 = [
-0.5765 0 0 0 0 -1.967

0 -79.37 6.609 39.22 -274.5 0
] (33) 

𝐾13 = [
-0.6338 0 0 0 0 -2.100

0 -128.6 10.77 64.68 -449.1 0
] (34) 

𝐾14 = [
-0.5830 0 0 0 0 -1.983

0 -81.99 6.806 40.27 -282.4 0
] (35) 

𝐾21 = [
-0.6722 0 0 0 0 -2.191

0 -112.5 9.604 58.66 -403.8 0
] (36) 

𝐾22 = [
-0.5765 0 0 0 0 -1.967

0 -87.73 7.367 44.24 -307.1 0
] (37) 

𝐾23 = [
-0.6333 0 0 0 0 -2.105

0 -134.7 11.32 68.34 -472.9 0
] (38) 

𝐾24 = [
-0.5829 0 0 0 0 -1.983

0 -90.40 7.569 45.32 -315.1 0
] (39) 

The above feedback gains are for the eight vertexes LTI 

systems. For the control system beyond the vertexes, the 

feedback gains can be obtained by the weighted combination 

of the above gains after the weight matrices interpolation.  

In summary, the HMV attitude controller design process of 

PLPV model can be mainly divided into two parts: 
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(1) With the TP model transformation method applied on the 

linearized HMV model, which contains three steps: 

discretize system matrix, execute HOVSD on the core 

tensor 𝑺𝐷 and standardized transforming on the singular 

vectors, the relevant PLPV model is developed.  

(2) Based on the PLPV model and using the PDC-LMI 

theory, the whole controller design object is simplified 

from the complex system to the eight vertexes system. 

Meanwhile, the design of nonlinear controller is 

transferred to linear controller. By solving eight LMIs, we 

can get the state feedback gains of the vertexes LTI 

systems. With the interpolation and weighted 

combination, the control gains are obtained finally. 

Compared with the general nonlinear controller, in terms of 

controller design, the attitude controller proposed in this work 

has more concise and clear design steps, especially for many 

huge and complex systems, like the 6-DOF HMV system. 

Also, the designed control scheme is more universal, because 

the controller is designed based on the PLPV model, on which 

many linear numerical techniques can execute. In terms of 

stability analysis, the common stability proof needs to design 

specific and complicated Lyapunov functions, while the 

proposed controller is designed for the polytopic system, and 

we just need the simple inequation of Lyapunov theory to 

analyze system stability with PDC framework and LMI 

technique. 

4. SIMULATION RESULTS 

In order to show the efficiency of controller designed in this 

paper, simulation studies are conducted on conditions of 

60000𝑚 and 5300𝑚/𝑠. It is required that the angle of attack, 

sideslip angle and bank angle can return to the vicinity of the 

equilibrium points within a limited time after being disturbed, 

which demonstrates that the HMV can maintain attitude 

stability in the process of morphing. The equilibrium points are 

taken as [𝛼𝑠, 𝛽𝑠, 𝜇𝑠] = [20
∘, 0∘, 0∘], which is the same as that 

during the Jacobian linearization. 

Additionally, in order to verify the robustness of the proposed 

controller, we choose five different changing cases of 

negative-dihedral considering the various deformation 

instances. They are: (𝑐1) Upward deflect to 15∘  in 15s and 

hold 10s, then return; (𝑐2) Upward deflect to 35∘ in 12.5s and 

hold 10s, then return; (𝑐3) Upward deflect to 55∘ in 10s, and 

return at once; (𝑐4) Upward deflect to 70∘ in 10s and hold 20s, 

then return; (𝑐5) Upward deflect to 85∘ in 10s and hold 10s, 

then return. In short, the bigger the number, the more intense 

the change of scheduling variables. The different cases are 

simulated as shown in Fig. 6. 

At the same time, in consideration of external high dynamic 

disturbance environment of HMV, we add the disturbance for 

𝛼  and 𝜇  with +5∘  to reflect the ability of the disturbance 

rejection of the designed controller, which means the initial 

state of airflow angles will be changed to [𝛼0, 𝛽0, 𝜇0] =
[25∘, 0∘, 5∘] . The simulation results of the airflow angles 

tracking and angular velocities changing situation are depicted 

in Error! Reference source not found.7 and Error! 

Reference source not found.8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Different changing cases of negative-dihedral. 

Fig. 7. Tracking response of airflow angles. 

As can be easily seen, the airflow angles can return to the 

equilibrium points with small errors in a limited time. The 

three angular velocities are stabilized at almost zero quickly. 

More importantly, the rolling and yawing angle rates 𝜔𝑥 , 𝜔𝑦 

that indicate the convergence rate of horizontal and lateral 
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channels are stabilized in less than 10𝑠, which proves that the 

three-axes attitude stabilization of HMV has been realized 

very well. And it is obvious that the final results of airflow 

angles’ tracking response and angular velocities’ stabilization 

are almost consistent in the five different cases of negative-

dihedral. With the comparison among these five cases, the 

designed controller based on the PLPV model has certain 

ability to adapt different changes of morphing. These 

simulation results demonstrate that the proposed controller in 

this work has good tracking performance, maintaining stability 

ability and reliable robustness profiles under the conditions of 

the initial disturbance and various morphing cases. 

Fig. 8. Angular velocities changing during the morphing 

process. 

5. CONCLUSIONS 

This paper proposes a stable attitude control scheme based on 

PLPV model to solve the instability problem in the morphing 

process of HMV. First, considering the influence of rolling and 

yawing motions, the 6-DOF dynamics model of HMV is 

constructed; Second, the negative-dihedral and its rate are 

chosen as the scheduling parameters of system, which can 

provide a new idea for scheduling parameter selection in PLPV 

model. Then, Jacobian linearization and TP model 

transformation approaches are adopted on the model to 

develop the PLPV model, which has eight vertexes system. 

Finally, based on the PDC-LMI theory, the vertexes system 

control gains are obtained by solving the relevant LMI 

constraints, and whole control gains are obtained by 

interpolation and weighted combination. The proposed 

controller scheme is more convenient to understand and design 

than traditional controller, and do not need to design many 

Lyapunov functions to analyze and proof the stability of 

system, which simplifies the whole HMV controller design 

steps. The simulation is carried out in the morphing phase of 

HMV, and the results show that the proposed controller can 

achieve three-axes attitude control and stabilization with the 

initial disturbance, and has the consistent performance under 

the different morphing conditions. 
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