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Abstract: With a vector covering (VC) technique, this study proposes a think-globally-act-
locally-based (TGAL for short) approach in order to design optimal supervisors for flexible
manufacturing systems (FMSs). First, a global idle place is added into a Petri net (PN) model
of an FMS according to the TGAL concept. With the global idle place being marked by one
token at the initial marking, the model’s reachability graph is generated to analyze its liveness.
If it is not live, one finds first-met bad markings (FBMs) and all legal markings. By applying the
VC approach, these markings can be covered by a minimal covered set (MCdS) of FBMs and a
minimal covering set (MCgS) of legal markings, respectively, to remarkably reduce the number of
markings under consideration. For each FBM in the MCdS of FBMs, we modify the marking in
the MCgS of FBM-related legal markings to guarantee that every place has the maximal tokens.
By using the modified FBM-related legal markings, a set of optimal control places (monitors)
can be calculated by solving an integer linear programming problem. Necessary monitors are
figured out by a redundancy test. Then, we increase the number of tokens in the global idle place.
This process is repeated until all legal markings are reachable. Then, a maximally permissive
supervisor can be obtained. Finally, by means of experimental studies, the proposed method is
tested for some PN models, showing that the designed supervisors are maximally permissive
since the monitors do not prohibit any legal markings.

Keywords: Flexible manufacturing system, Petri net, think-globally-act-locally approach,
supervisory control, deadlock prevention, optimal liveness-enforcing supervisor.

1. INTRODUCTION

Flexible manufacturing systems (FMSs) are deployed in
both process and discrete manufacturing industries. In an
FMS, multiple processes for different products share the
versatile resources. Deadlocks would occur, if resources are
not properly allocated. In a deadlock state, a circular wait
is formed such that some processes wait for the availability
of particular resources that can never be released (Coffman
et al., 1971). Deadlocks usually lead to a system blockage
with a low efficiency. Thus, deadlocks are usually thought
of as an unacceptable status for FMSs. In order to prevent
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deadlocks, there are a number of control policies reported
in the literature (Basile et al., 2015; Chen and Li, 2012;
Chen et al., 2015; Cordone et al., 2013; Hu and Zhou, 2014;
Huang et al., 2006; Ma et al., 2015; Wang et al., 2015; Wu
and Zhou, 2012; Xing et al., 2010).

As a useful tool for deadlock detection and resolution,
PNs are employed to model, analyze, and control FMSs
(Ezpeleta et al., 1995; Li et al., 2007; Li and Zhou, 2006b;
Zhu et al., 2017, 2018; Zhang et al., 2017). For a PN
model, deadlocks are prevented by adding a set of control
places (monitors) to form a supervisor by enforcing some
necessary constraints on the system. The advantage of
deadlock prevention is that one can compute a supervisor
in an off-line way. Deadlock prevention policies have been
extensively developed by using PN models (Li and Zhou,
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2004, 2006a; Chen et al., 2014, 2017; Lu et al., 2021; Chen
et al., 2021).

The performance for designing a liveness-enforcing PN
supervisor is evaluated by three indicators, namely be-
havioral permissiveness, structural complexity, and com-
putational complexity. In a controlled system, behavioral
permissiveness is always evaluated by the quantity of le-
gal markings that are reachable. If a controlled system
can reach all the legal markings, its supervisor is said
to be maximally permissive, or optimal. A low structural
complexity not only represents a simple structure of the
supervisor, but also provides its low implementation over-
heads in terms of both software and hardware costs. A
low computational complexity implies that a policy can
be efficiently obtained in the sense of computational time.
Thus, a significant issue is how to design a supervisor with
maximally permissive behavior, a simple structure, and
highly computational efficiency, which has been studied
by a group of researchers.

Structure analysis (Li and Zhou, 2004; Hu et al., 2015;
Wang et al., 2011) and reachability graph analysis (Ghaf-
fari et al., 2003; Huang et al., 2010, 2011; ?) are two
main techniques for analyzing deadlocks based on PNs.
Structure analysis is usually efficient by focusing on some
special PN structures (siphons and resource circuits, for
example). However, a supervisor obtained by doing so is
usually suboptimal since some legal markings are prohib-
ited (Li et al., 2008; Li and Zhao, 2008; Li et al., 2011;
Tricas et al., 2005). Although the reachability-graph-based
methods can lead to an optimal or near-optimal supervisor
for a generalized PN (Chen et al., 2011, 2012, 2014; Uzam
et al., 2013), they face the disadvantage of enumerating
that all reachable markings of a PN model, resulting in
the state explosion problem for large-scale systems.

In (Uzam and Zhou, 2006, 2007), a reachability graph are
separated into a deadlock-zone (DZ) and a live-zone (LZ),
covering all the illegal and legal markings, respectively.
An optimal supervisor should ensure the reachability of all
markings in the LZ and the non-reachability of markings
in the DZ. A first-met bad marking (FBM) is an illegal
marking, representing the very first entry from the LZ to
the DZ. In (Uzam and Zhou, 2006, 2007; Chen and Li,
2011), deadlock control policies are developed to prevent
a system from going to the DZ by controlling every
FBM. Such methods solve an integer linear programming
problem (ILPP) for every FBM to obtain a set of optimal
monitors. Note that one needs to do so not only for every
FBM, but also, for each FBM, one requires to consider
all legal markings, leading to a large-scale ILPP. Hence,
the supervisor is obtained with complex computations and
structures.

To solve the above-discussed problem, a VC approach is
provided in (Chen et al., 2011). This method can reduce
the number of considered markings in finding a controller.
By analyzing the relationship among the markings, the
markings of activity (operation) places are considered only,
aiming to find an MCdS of FBMs and an MCgS of legal
markings. It ensures that all FBMs can be forbidden if no
FBM in the MCdS of FBMs is reachable. Meanwhile, if
the system is able to reach every marking in the MCgS of
legal markings, no legal marking is prevented. Thus, one

needs to concern only the MCdS of FBMs and the MCgS of
legal markings. In this way, one can significantly reduce the
computational and structural complexity. However, this
method requires to generate all the reachable markings
and thus faces the state explosion problem, resulting in
the fact that it is inapplicable to large-scale systems.

Similarly, Uzam et al. put forward a think-globally-act-
locally (TGAL) concept in (Uzam et al., 2016b) to mit-
igate the state explosion problem for reachability graph
analysis. This method adds a temporarily global idle place
(GP) into a PN without changing the desired behavior of
the original model. It prevents deadlocks iteratively. At
the first iteration, it puts one token into the GP and the
reachability graph is generated. A controller is designed
by adding control places to prevent all deadlocks. Then,
increasing the tokens in the GP and the above procedure is
repeated to find a controller such that the GP related net
is live. This process is repeated until no reachable marking
is increased if increasing the tokens in the GP. Finally, the
GP is deleted and a live net model is found by adding all
the obtained control places.

In (Uzam et al., 2016a), Uzam et al. develop an improved
TGAL approach, a think-globally-act-locally method with
weighted arcs (TGALW). To find a supervisor with
weighted arcs, it transforms the original model into a
strictly conservative form, denoted as TPNM. In a TPNM,
if any transition fires, the number of tokens is kept to be
a constant. It claims that a TPNM has the same desired
properties as the original PN. The most important gain is
that the obtained supervisor by the TPNM is also valid
for the original PN model. Finally, this method can reach
more legal states than TGAL approach. However, at some
iteration steps, it may obtain a suboptimal supervisor due
to the fact that some legal markings are forbidden.

With a VC technique applied, our previous work (Li
et al., 2017) develops a method to improve the behavioral
permissiveness of the supervisors designed by TGAL and
TGALW. At every iteration, the considered FBMs and
legal markings are reduced by applying the VC technique.
By solving a set of ILPPs, a set of control places are
computed to prevent all FBMs at each iteration. This
method ensures that an optimal controller can be found
at each iteration. Thus, the final controlled net has more
reachable markings than TGAL and TGALW. However,
some PN models are still not optimally controlled by using
this method. This is caused by the phenomenon that there
are legal markings not appearing at the current iteration,
but they may be prohibited by the supervisor obtained in
the previous iteration.

This research reports a methodology to the design of
maximally permissive supervisors by applying the TGAL
method and the VC technique. At each iteration, the legal
markings and FBMs are reduced to be two smaller sets
by using the VC approach. For each FBM, it guarantees
that every place holds the maximal number of tokens by
modifying the marking in the MCgS of FBM-related legal
markings. By using the modified set of FBM-related legal
markings, a number of optimal control places are obtained
since no legal marking is prohibited. In this way, we finally
obtain an optimally controlled PN model.
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To save space, the basics of PNs in (Murata, 1989),
the design of a control place by a P-invariant (PI) in
(Yamalidou et al., 1996), and the VC approach in (Chen
and Li, 2011; Chen et al., 2011) are outlined in (Chen
and Li, 2017). The rest of this paper is arranged as
follows. Section II develops a number of new definitions
necessary and an algorithm for finding the possible legal
markings of a system in an iteration process. Section
III proposes a method by using the VC approach and
TGAL to design a supervisor with maximally permissive
behavior. Experimental studies are presented in Section
IV to validate the proposed approach. Section V draws
conclusions.

2. SYNTHESIS OF M-RELATED SUPER SUCCEED
MARKINGS

This section develops two definitions and an algorithm
for finding the possible legal markings of a system in an
iteration process. This research considers a PN with the
following assumption.

Assumption: Let PA be the set of activity places in a
PN model. Then, given a resource place pi, there exists
a minimal PI Ipi

such that for all p ∈ ||Ipi
||\{pi}, p ∈ PA.

This assumption is true for all PNs modeling FMSs in the
literature for deadlock prevention.

Definition 1. Let pi be a resource place and Ipi be a pi-
related PI of (N,M0) with P = P 0 ∪PA ∪PR. A P-vector
Wpi

is called a pi-related weight vector, if

Wpi(p) =

{
Ipi(p) p ∈ PA

0 otherwise
(1)

Example 1. For each resource place pi, we can always find
a PI Ipi

. For example, p10 is a resource place in Fig. 1. We
have a PI related to it, namely Ip10

= (0 2 3 0 0 1 0 0 0 1
0)T . Then, the p10-related weight vector is Wp10 = (0 2 3
0 0 1 0 0 0 0 0)T .
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Fig. 1. A PN model.

Definition 2. Let M⋆
FBM represent the MCdS of FBMs,

M ∈ M⋆
FBM, and LM be the MCgS of M -related legal

markings, M1 ∈ LM. A marking M ′ is called an M -related
super succeed marking of M1 if the three conditions holds:

1) M ′ ≥A M1 & M ′ ̸= M1;

2) ( ̸ ∃M ′′ ∈ M⋆
FBM)M ′ ≥A M ′′; and

3) (∀pi ∈ PR)WT
pi

·M ′ ≤ ITpi
M0.

where ITpi
M0 represents the number of tokens in pi and

pi-related activity places at the initial marking M0. A set
of M -related super succeed markings of M1 is denoted as
SM1

.

Example 2. In Fig. 1, marking M = p2 + p3 + 2p5 is the
only FBM and M1 = p2 + 4p5 (M1 ∈ LM) is a legal
marking. According to Definition 2, an M -related super
succeed markings of M1 should cover M1. M contains
three activity places: p2, p3, and p5. Thus, we can increase
the tokens in p2, p3, and p5 to find the M -related super
succeed markings of M1. It is obvious that p5 has no more
than four tokens due to M0(p11) = 4. By increasing the
tokens in p2 and p3, two markings M ′ = 2p2 + 4p5 and
M ′′ = p2 + p3 + 4p5 are obtained, respectively. We have
M ′ ≥A M1 and M ′′ ≥A M1. However, M ′′ is not an M -
related super succeed marking of M1 due to M ′′ ≥A M .
According to Definition 2, M ′ = 2p2 + 4p5 is the only M -
related super succeed marking of M1, since it cannot cover
M and satisfies WT

pi
·M ′ ≤ ITpi

M0, for all pi ∈ PR.

Let FBM be a set consisting of all markings in M⋆
FBM

generated in the iteration process. Next, we propose an
algorithm to modify LM produced in an iteration process,
which can find all M -related super succeed markings.

Algorithm 1 Modification of LM produced in an
iteration process.

Input: PN (N,M0) for an FMS with N = (P 0∪PA∪PR,
T , F , W ), an FBM M (M ∈ M⋆

FBM), and FBM.
Output: The modified set L′

M.
1: foreach {M ′ ∈ LM} do
2: if {WT

pi
· M ′ < ITpi

M0} do /* pi is a resource
place of the PN. */

3: foreach {pj} do /* pj is a pi-related activity
place and M(pj) ̸= 0. */

4: M1 = M ′;
5: h = ITpi

M0;
6: while {h−−}
7: M1(pj) = M1(pj) + 1;
8: if {WT

pi
·M1 ≤ ITpi

M0} do
9: Add the new marking M1 to the set

of SM ′ . /* SM ′ is a set used to store M -related super
succeed markings of M ′ that are found in an iteration
process. */

10: else
11: Break;
12: endwhile
13: endforeach
14: endif
15: foreach {M2 ∈ SM ′} do
16: if {WT

pk
·M2 > ITpk

M0} do /* pk ∈ PR. */
17: Delete M2 from SM ′ .
18: elseif {M2 ≥A M ′′} do /* M ′′ ∈ FBM. */
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19: Delete M2 from SM ′ .
20: endforeach
21: endforeach
22: Add the markings in SM ′ to LM.
23: Apply the VC approach for LM and obtain L′

M.
24: Output L′

M.
25: End.

The above algorithm can obtain a modified set L′
M. For

each marking M ′ in LM, we first determine whether the
tokens in the related resource place pi (pi ∈ PR) are
consumed or not. If not consumed, we increase one token
in the pi-related activity place pj (pj ∈ P 0 andM(pj) ̸= 0)
and a marking M1 can be obtained. It ensures that M1 can
cover M ′. This process ends when all tokens in the related
resource place pi are exhaustively consumed. According
to Definition 2, M1 is called an M -related super succeed
marking ofM ′ if it cannot cover any marking in FBM and
the total number of tokens owned by pk-related (pk ∈ PR)
activity places does not greater than the original number
of tokens in pk. Then, we add M1 to set LM. By applying
again the VC approach, a new set L′

M is obtained. Finally,
a supervisor can be designed by using the modified L′

M,
which ensures that all legal markings are reachable.

By using the modified set L′
M, Equation (10) in (Chen

et al., 2011) is transformed as follows:

n∑
i=1

li · (M ′(pi)−M(pi)) ≤ −1, ∀M ′ ∈ L′
M (2)

Theorem 1. Let M ∈ M⋆
FBM be an FBM, li be a feasible

solution of Equation (2), and β be a non-negative integer.
Then,

∑n
i=0 liµi ≤ β is a maximally permissive linear

constraint of M if such a maximally permissive linear
constraint exists.

Proof. Suppose that there is a legal marking M ′ that
is prevented by

∑n
i=0 liµi ≤ β, and there does not exist

M ′′ ≥M M ′, for all M ′′ ∈ L′
M. Thus, marking M ′

does not satisfy Equation (2) and M ′ /∈ L′
M. We have∑n

i=0 liM
′(pi) ≥ β + 1, β =

∑n
i=0 liM(pi) − 1, and∑n

i=0 li(M
′(pi) − M(pi)) ≥ 0. There are two cases to be

considered:

Case 1: M ′ ≥A M . By Equation (2), we cannot find a
feasible solution of li, i.e, there does not exist a maximally
permissive linear constraint ofM . The hypothesis does not
hold.

Case 2: M ′ does not A-cover M . Since M ′ is prevented by∑n
i=0 liµi ≤ β and M ′ /∈ L′

M, there exists a marking M ′′ ∈
L′
M such that M ′ ≥A M ′′. First, we have M ′ ≥A M ′′ and

M ′ ̸= M ′′. Second, M ′ cannot cover any marking M1 ∈
M⋆

FBM, since the maximally permissive linear constraint
ofM1 does not exist ifM

′ ≥A M1. Third, for legal marking
M ′, we have WT

pi
·M ′ ≤ ITpi

M0 for all pi ∈ PR. According
to Definition 2, M ′ is a M -related super succeed marking
of M ′′, which contradicts M ′ /∈ L′

M. Thus, the hypothesis
is not true.

Finally, by considering Cases 1 and 2, the conclusion holds.

3. DEADLOCK PREVENTION POLICY

Our previous work (Li et al., 2017) introduces a VC tech-
nique to deal with the behavioral permissiveness issue of
TGAL and TGALW approaches. At each iteration, the VC
technique is applied to reduce FBMs and legal markings
that need to be considered. By solving ILPPs, it computes
a set of control places in order to prevent all FBMs but no
legal marking is forbidden at the current iteration. Thus,
the resulting live net has more reachable legal markings
compared with TGAL and TGALW. However, for some
PN models, one is not able to design an optimal supervisor
by using this policy, since some legal markings do not
appear at the current iteration but they are prevented by
the supervisor obtained in the iteration.

To tackle the above problem in the previous algorithm,
an improved iterative deadlock prevention policy is pro-
posed here. It can design control places to ensure that no
legal marking is prohibited so as to make the controlled
system maximal permissive or it is optimally controlled.
The deadlock prevention policy is developed as shown in
Algorithm 2.

Algorithm 2 Design of an optimal supervisor by using
TGAL approach and the VC technique.

Input: PN (N,M0) for an FMS with N = (P 0∪PA∪PR,
T , F , W ).

Output: A controlled net (Nα,Mα
0 ).

1: Calculate the preset and postset of P 0, i.e., TI = •P 0

and TO = P 0•.
2: Add a global idle place (GP) into the model such that

GP• = TO,
•GP = TI , M0(GP) = B, and the resulting

net is denoted as NB . /* B is the number of tokens in
the GP. */

3: for {B = 1; B ≤ K; B++} do /* K represents the
initial token sum in all idle places. */

4: Calculate the reachability graph of NB .
5: if {NB is live} do
6: B++;
7: Go to Step 3.
8: else
9: Calculate the sets of legal markings ML and

FBMs MFBM for NB .
10: Compute the MCgS M⋆

L and the MCdS
M⋆

FBM for legal markings and FBMs, respectively.
11: Add all markings in M⋆

FBM to the set of
FBM.

12: while {M⋆
FBM ̸= ∅} do

13: For an FBM M ∈ M⋆
FBM, compute the

MCgS of M -related legal markings LM.
14: Modify LM by using Algorithm 1 and

obtain the modified L′
M.

15: Formulate an ILPP according to Equa-
tion (2).

16: Solve the ILPP and obtain li’s (i ∈ NA)
and β as the solution.

17: Compute a PI I and its corresponding
control place ps using the method in (Yamalidou et al.,
1996).

18: M⋆
FBM := M⋆

FBM − FI .
19: endwhile
20: Do the redundancy test (Uzam et al., 2007)

to find the necessary control places psi (i = 1, 2, 3, . . . )
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if the number of calculated control places is greater
than one.

21: endif
22: endfor
23: Add the necessary control places into (N,M0) to

obtain a controlled net model as (Nα,Mα
0 ).

24: Output the controlled net (Nα,Mα
0 ).

25: End.

The presented algorithm can obtain a set of optimal
monitors in an iterative way. First, we add a place GP
into the model that is deadlocks-prone, denoted as NB (B
gives the number of tokens in the GP; B = 1 is the initial
value). Then, the reachability graph of NB is generated
to check its liveness. If not live, the sets ML and MFBM

are obtained. By applying the VC approach, we obtain the
MCgS M⋆

L and the MCdS M⋆
FBM for legal markings and

FBMs, respectively. For each M ∈ M⋆
FBM, the set LM is

modified by using Algorithm 1. With the modified L′
M,

optimal control places are computed. By redundancy test,
the redundant control places can be removed. When the
net NB is live, the tokens in the GP is increased by one
(B = B + 1) and the above process is performed again to
make NB+1 live. At this iteration, the monitors obtained
for NB are also kept in the net NB+1. Continue processes
until all legal markings are reachable. Finally, the GP is
removed and an optimally controlled PN model is found.

Now, a PN model with 11 places and eight transitions is
used to illustrate Algorithm 2, as shown in Fig. 2. It has
125 reachable states with 115 legal markings and 10 FBMs.
For this model, we have P 0 = {p1, p8} as idle places,
PA = {p2 − p7} as activity places, and PR = {p9, p10, p11}
as resource places.
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Fig. 2. A PN model.

First, a GP is added into the model. We have •GP =
TI = •P 0 = {t4, t8} and GP• = TO = P 0• = {t1, t5}. The
resulting net is denoted as NB .

Initially, we put one token into the GP (B = 1) to obtain
N1. It can be checked that N1 is live and has seven legal
markings. Then, we increase B by one such that B = 2.
The net N2 is also live, including 25 legal markings. When
the GP has three tokens (B = 3), the related net N3 is not
live. It has two FBMs and 59 legal markings. With the VC
technique, we find that M⋆

FBM and M⋆
L have two and 32

markings, respectively, where M⋆
FBM = {p2+p5+p6, 3p5}.

Two FBMs are added into the set FBM.

For FBM1 = p2 + p5 + p6, the initial MCgS of FBM1-
related legal markings is LFBM1 = {p5+p6, 2p2+p5, 2p2+
p6, p2 + 2p5}. First, the marking M1 = p5 + p6 is selected.
For M1, it holds WT

p9
·M1 < ITp9

M0. The p9-related activity
places are p2 and p7. Places p2, p5, and p6 are the FBM1-
related activity places. The activity place p2 is selected as
the only shared place. By increasing the token in it, two
markings are obtained, namely p2 + p5 + p6 and 2p2 +
p5 + p6. However, none of them is FBM1-related super
succeed marking of M1 due to p2 + p5 + p6 ≥A FBM1 and
2p2 + p5 + p6 ≥A FBM1, i.e., SM1 = ∅.
For the marking M2 = 2p2 + p5 in LFBM1

, we have
WT

p10
·M2 < ITp10

M0. The resource place p10-related activity
places are p3, p5, and p6. The FBM1-related activity places
are p2, p5, and p6. Then, the shared activity places p5 and
p6 are considered. First, we only increase the token in p5
and generate two markings, namely 2p2+2p5 and 2p2+3p5.
Second, by increasing the token in p6, a marking 2p2 +
p5+p6 is obtained. However, we have 2p2+3p5 ≥A FBM2

and 2p2 + p5 + p6 ≥A FBM1. According to Definition 2,
M ′

2 = 2p2 + 2p5 is the only FBM1-related super succeed
marking ofM2, since it cannot cover any marking in FBM
and satisfies WT

pi
· M ′

2 ≤ ITpi
M0, for all pi ∈ PR. Finally,

we have SM2
= {2p2 + 2p5}.

Similarly, for the marking M3 = 2p2 + p6 in LFBM1 , we
have WT

p10
·M3 < ITp10

M0. Places p3, p5, and p6 are the p10-
related activity places. The FBM1-related activity places
are p2, p5, and p6. Obviously, the shared places are p5
and p6. First, a marking 2p2 + p5 + p6 is obtained by only
increasing the token in p5. It is clear that 2p2 + p5 + p6 is
not an FBM1-related super succeed marking of M3 thanks
to 2p2 + p5 + p6 ≥A FBM1. Second, we increase the token
in p6 and obtain a marking M ′

3 = 2p2 + 2p6. However,
M ′

3 is not an FBM1-related super succeed marking of M3

since it violates inequationWT
p10

·M ′
3 ≤ ITp10

M0. There is no
FBM1-related super succeed marking of M3, i.e., SM3 = ∅.
Finally, for the marking M4 = p2 + 2p5, we find WT

p9
·

M4 < ITp9
M0. The p9-related activity places are p2 and

p7. Places p2, p5, and p6 are FBM1-related activity places.
Place p2 is selected as the only shared activity place. By
increasing the token in p2, a marking M ′

4 = 2p2 + 2p5 is
obtained. The marking M ′

4 cannot cover any marking in
FBM and also satisfies inequation WT

pi
·M ′

4 ≤ ITpi
M0, for

all pi ∈ PR. According to Definition 2, M ′
4 is an FBM1-

related super succeed marking of M4, i.e., SM4
= {2p2 +

2p5}.
Then, we add all markings in SM1 , SM2 , SM3 , and SM4

into LFBM1 . By using again the VC technique, LFBM1 is
modified to L′

FBM1
= {p5 + p6, 2p2 + 2p5, 2p2 + p6}. For

FBM1, a PI I1 is designed to forbid it by meeting Equation
(2). I1 should make the following inequations hold l2 · (0−
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1)+ l5 ·(1−1)+ l6 ·(1−1) ≤ −1, l2 ·(2−1)+ l5 ·(2−1)+ l6 ·
(0−1) ≤ −1, and l2 · (2−1)+ l5 · (0−1)+ l6 · (1−1) ≤ −1.
By simplifying the constraints, we have

−l2 ≤ −1
l2 + l5 − l6 ≤ −1 and

l2 − l5 ≤ −1

By solving the above ILPP, a solution is obtained with l2 =
1, l5 = 2, l6 = 4, and β = 6. A control place ps1 is designed:
µ2+2µ5+4µ6+µps1

= 6, by using the approach presented

in (Yamalidou et al., 1996). By comparison, our previous
method in (Li et al., 2017) designs this control place as:
µ2+2µ5+3µ6+µps1

= 5, which is not an optimal control
place since some legal markings are prohibited. Finally,
M0(ps1) = 6, •ps1 = {t2, 4t7}, and p•s1 = {t1, 2t5, 2t6}
are obtained. We have M⋆

FBM := M⋆
FBM − {FBM1} and

M⋆
FBM = {3p5}.

Next, for FBM2 = 3p5, we have LFBM2 = {2p5}. Thus,
the only marking M = 2p5 is selected. For marking M , it
holds WT

p10
·M < ITp10

M0. The p10-related activity places
are p3, p5, p6 and p5 is the only activity place with FBM2-
related. The only shared activity place p5 is considered.
However, by increasing one token in p5, a new generated
marking 3p5 can cover FBM2. No marking is the FBM2-
related super succeed marking of M . Finally, we find that
LFBM2 is not necessarily modified. For the optimal control
purpose, a PI I2 is designed to meet Equation (2). Thus, I2
has to satisfy l5 · (2− 3) ≤ −1. We simplify the constraint
as follows:

−l5 ≤ −1

The above ILPP can lead to a solution with l5 = 1 and
β = 2. By using I2, a control place ps2 is designed, namely
µ5 + µps2

= 2. We have M0(ps2) = 2, •ps2 = {t6}, and
p•s2 = {t5}. Finally, M⋆

FBM := M⋆
FBM − {FBM2}, and

M⋆
FBM = ∅. That is, the related net N3 is live.

Next, we add one more token into the GP (B = 4) to
analyze the net N4. Note that the control places ps1 and
ps2 are also added into the net N4. In the next iteration
process, the nets N4 and N5 are all live. When B = 6,
the net N6 can reach 115 legal markings. The iteration is
terminated since increasing the token in the GP cannot
increase the reachable markings. We remove the GP and
add the control places ps1 and ps2 to the original PN.
Finally, the PN is optimally controlled. The iteration
process of the proposed approach for this example is shown
in Table 1, where the first column gives the number of
tokens in the GP, and the second and third indicate the
control places added in NB and whether NB is live or not,
respectively. The fourth column presents the number of
reachable states of NB , and the fifth and sixth columns are
the numbers of states in the DZ and the LZ, respectively.
The seventh column indicates the control places designed
and the eighth column is the reachable states of NB by
adding the previously obtained control places.

4. EXPERIMENTAL STUDIES

We use examples to demonstrate the reported techniques.
C++ programs are developed to modify LM and formulate
ILPPs that are solved by Lingo on a desktop with Intel
CPU Core 2.8GHz and 4GB-memory.

First, a system from (Uzam et al., 2016a) is considered.
It can produce three types of products, namely Parts 1, 2
and 3. Fig. 3 shows the system block diagram. In Fig. 3,
six types of resources (R1–R6) are used and each type of
resource can process two products at a time. An arc labeled
by a transition (t1–t18) means that the resource Ri pointed
to by the arc is required if the corresponding transition
tj is triggered. The weight on the arc is the number of
resources Ri required. Fig. 4 gives the PN model. In this
net model, resource places p18–p23 are used to represent
six types of resources R1–R6, respectively. It has 19,300
reachable markings, including 935 illegal and 18,365 legal
markings. The results of using Algorithm 2 are shown in
Table 2.
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Fig. 3. A system block diagram from (Uzam et al., 2016a).

Fig. 4. A PN model from (Uzam et al., 2016a).

When B = 7, some FBM1-related super succeed markings
are obtained by using Algorithm 1, where FBM1 = p2 +
p3+p6+p7+p8+p15+p16. Similarly, when B = 8, we find
some FBM2-related super succeed markings, where FBM2

= p6 + p7 + p8 + p10 +2p14 + p15 + p16. We modify LFBM1



52 Control Engineering and Applied Informatics

Table 1. The iteration steps of liveness enforcement for NB

B Include psi NB is live ? Reachable states DZ LZ psi Reachable states of controlled net
1 Yes 7 7
2 Yes 25 25
3 No 59 2 57 ps1 ps2 57
4 ps1 ps2 Yes 94 94
5 ps1 ps2 Yes 114 114
6 ps1 ps2 Yes 115 115

Table 2. The iteration steps of liveness enforcement for NB

B Include psi NB is live? Reachable states DZ LZ psi Reachable states of
controlled net

1 Yes 15 15
2 Yes 113 113
3 No 535 1 534 ps1 534
4 ps1 No 1,770 2 1,768 ps2 ps3 1,768
5 ps1 ... ps3 No 4,346 4 4,342 ps4 ps5 ps6 4,342
6 ps1 ... ps6 No 8,242 1 8,241 ps7 8,241
7 ps1 ... ps7 No 12,527 4 12,523 ps8 12,523
8 ps1 ... ps8 No 15,893 4 15,889 ps9 15,889
9 ps1 ... ps9 Yes 17,666 17,666
10 ps1 ... ps9 Yes 18,253 18,253
11 ps1 ... ps9 Yes 18,365 18,365

and LFBM2
to find the optimal control places. Finally, the

original markings and their FBMi-related super succeed
markings are shown in Table 3, where the first column
represents FBMs, and the second and third columns show
the original legal markings and their FBMi-related super
succeed markings, respectively.

From Table 3, we find that some different legal markings
have the same FBMi-related super succeed marking. That
is to say, the same FBMi-related super succeed marking
can be obtained by different legal markings.

When B = 11, the net N11 can reach all 18,365 legal
markings. We stop the iterations and the GP is removed.
Finally, nine control places are found as shown in Table
4. With these nine control places being added, the net is
optimally controlled. Table 5 compares the performance of
different deadlock control policies for this example.

Next, the proposed approach is applied to an FMS with
three processes. Fig. 5 shows its block diagram, including
seven types of resources (R1–R7) and 20 events (t1–t20).
The capacity of resources R1, R5, and R6 is one and the
quantity of other resources is two. The PN model of the
system is visualized in Fig. 6. In the model, resources
R1–R7 are represented by places p20–p26, respectively.
There are 24,539 reachable markings, including 19,571
legal markings and 4,968 illegal markings. By applying
Algorithm 2, a GP is added into the net and the control
places are designed in an iterative way. The iteration
process is shown in Table 6.

When B = 9, some FBMi-related (i = 1, 2, 3) super
succeed markings are found by using Algorithm 1, where
FBM1 = p2 + p3 + p4 + p5 + 2p7 + p14 + p15 + p17, FBM2

= p2 + p3 + p4 + p6 + p7 + p8 + p14 + p15 + p17, and FBM3

= p2 + p3 + p6 + p7 + p8 + p14 + p15 +2p17. We modify the
set of LFBMi to design the optimal control places. Table 7
shows the original legal markings and their FBMi-related
super succeed markings.

Finally, the proposed approach designs 20 control places.
With these 20 control places being added into the net
model, the resulting controlled net model can make
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Fig. 5. A system block diagram.

all 19,751 legal markings reachable. Thus, the proposed
method can obtain a supervisor with maximally permissive
behavior. The obtained control places are shown in Table
8. Table 9 compares the performance of some deadlock
prevention policies for this example.

5. CONCLUSION

An improved version of the policy in (Li et al., 2017)
is reported to prevent deadlocks, leading to a maximally
permissive supervisor for a generalized PN model. A GP is
temporarily designed to prevent deadlocks in an iterative
way. Compared with the previous approach in (Li et al.,
2017), the main difference of this proposed method is that
we can find a set of M -related super succeed markings
and modify LM by using Algorithm 1. It ensures that the
control places are designed to prevent all illegal markings
while all legal markings are kept. Hence, an optimal
supervisor is found. Finally, compared with the study
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Table 3. The FBMi-related super succeed markings

FBMi The original markings The FBMi-related super succeed markings
p2 + p3 + p6 + 2p7 + 2p16
p2 + p3 + 2p6 + p7 + 2p16 p2 + p3 + 2p6 + 2p7 + 2p16
p2 + 2p6 + 2p7 + 2p16
p3 + 2p6 + 2p7 + 2p16

p2 + p3 + p6 + 2p7 + p8 + p16
p2 + p3 + 2p6 + p7 + p8 + p16
p3 + 2p6 + 2p7 + p8 + p16 p2 + p3 + 2p6 + 2p7 + p8 + p16
p2 + p3 + 2p6 + 2p7 + p8

FBM1 p2 + 2p6 + 2p7 + p8 + p16
p2 + p3 + p6 + 2p7 + 2p8
p2 + p3 + 2p6 + p7 + 2p8 p2 + p3 + 2p6 + 2p7 + 2p8
p3 + 2p6 + 2p7 + 2p8
p2 + 2p6 + 2p7 + 2p8

2p2 + p6 + 2p7 + p8 + p16
2p2 + 2p6 + p7 + p8 + p16
2p2 + 2p6 + 2p7 + p16 2p2 + 2p6 + 2p7 + p8 + p16

p2 + 2p6 + 2p7 + p8 + p16
2p2 + 2p6 + 2p7 + p8

p6 + 2p7 + p8 + 2p10 + p14 + p16
2p6 + 2p7 + p8 + 2p10 + p16

2p6 + p7 + p8 + 2p10 + p14 + p16
2p6 + 2p7 + 2p10 + p14 + p16 2p6 + 2p7 + p8 + 2p10 + p14 + p16
2p6 + 2p7 + p8 + 2p10 + p14

2p6 + 2p7 + p8 + p10 + p14 + p16
2p6 + 2p7 + p10 + p14 + 2p16 2p6 + 2p7 + 2p10 + p14 + 2p16

2p6 + 2p7 + 2p8 + 2p10
p6 + 2p7 + 2p8 + 2p10 + p14 2p6 + 2p7 + 2p8 + 2p10 + p14
2p6 + p7 + 2p8 + 2p10 + p14

FBM2 2p6 + 2p7 + 2p8 + p10 + p14
p6 + 2p7 + p10 + 2p14 + 2p16
2p6 + p7 + p10 + 2p14 + 2p16 2p6 + 2p7 + p10 + 2p14 + 2p16
2p6 + 2p7 + p10 + 2p14 + p16

2p6 + 2p7 + 2p14 + 2p16
p6 + 2p7 + p8 + p10 + 2p14 + p16
2p6 + p7 + p8 + p10 + 2p14 + p16 2p6 + 2p7 + p8 + p10 + 2p14 + p16

2p6 + 2p7 + p8 + p10 + 2p14
2p6 + 2p7 + p8 + 2p14 + p16
p6 + 2p7 + 2p8 + p10 + 2p14
2p6 + p7 + 2p8 + p10 + 2p14 2p6 + 2p7 + 2p8 + p10 + 2p14

2p6 + 2p7 + 2p8 + 2p14

Table 4. Control places computed of the net shown in Fig. 4 by Algorithm 2

i Ii
•psi p•si M0(psi )

1 µ2 + µ3 ≤ 2 t3 t1 2
2 µ8 + µ15 ≤ 3 t9, t16 t7, t15 3
3 µ10 + µ14 ≤ 3 t11, t15 t9, t14 3
4 µ2 + µ3 + µ10 + µ14 ≤ 4 t3, t11, t15 t1, t9, t14 4
5 µ2 + µ3 + µ8 + µ15 ≤ 4 t3, t9, t16 t1, t7, t15 4
6 µ6 + 2µ8 + 2µ15 + 2µ16 ≤ 8 t6, 2t9, 2t17 t5, t7, 2t15 8
7 µ8 + µ10 + µ14 + µ15 ≤ 5 t11, t16 t7, t14 5
8 2µ2 + 2µ3 + µ6 + µ7 + 2µ8 + 3µ15 + 2µ16 ≤ 12 2t3, t8, 2t9, t16, 2t17 2t1, t5, t7, 3t15 12
9 µ6 + µ7 + 2µ8 + 2µ10 + 2µ14 + 3µ15 + 2µ16 ≤ 14 t8, 2t11, t16, 2t17 t5, t7, 2t14, t15 14

Table 5. Performance comparison of different control policies

Parameters (Barkaoui
et al.,
1997)

(Hu
et al.,
2011)

TGAL in
(Uzam et al.,
2016b)

TGALW in
(Uzam et al.,
2016a)

Our previous
method in Li
et al. (2017)

Proposed
method

No. monitors 12 4 9 10 9 9
No. states 10,539 10,613 17,101 18,065 18,248 18,365
Permissiveness (%) 57.38 57.79 93.11 98.37 99.36 100

in (Uzam et al., 2016b), (Uzam et al., 2016a), and our
previous work in (Li et al., 2017), only this method can
reach all legal markings for a generalized PN model.

However, the presented method also has some drawbacks.
First, we need to enumerate a part of reachable markings
whose number increases exponentially with respect to the
scale of a PN model. Second, the designed supervisor
does not have a simple structure, since too many control
places are obtained by using this method. Our future work

will focus on simplifying the structural complexity of the
proposed method and improving the efficiency.
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Table 6. The iteration steps of liveness enforcement for NB

B Include psi NB is live? Reachable states DZ LZ psi Reachable states
of controlled net

1 Yes 17 17
2 Yes 132 132
3 No 636 5 631 ps1 ps2 ps3 ps4 ps5 631
4 ps1 ...ps5 No 2,095 2 2,093 ps6 ps7 2,093
5 ps1 ...ps7 No 5,129 4 5,125 ps8 ps9 ps10 5,125
6 ps1 ...ps10 No 9,639 8 9,631 ps11 ps12 9,631
7 ps1 ... ps12 No 14,370 9 14,361 ps13 ps14 ps15 ps16 14,361
8 ps1 ... ps16 No 17,730 2 17,728 ps17 17,728
9 ps1 ... ps17 No 19,207 20 19,187 ps18 ps19 ps20 19,187
10 ps1 ... ps20 Yes 19,531 19,531
11 ps1 ... ps20 Yes 19,571 19,571

Table 7. The FBMi-related super succeed markings

FBMi The original markings The FBMi-related super succeed markings
FBM1 p2 + p3 + p5 + 2p7 + p14 + p15 + p17 p2 + p3 + p5 + 2p7 + p14 + p15 + 2p17

p2 + 2p3 + p5 + p7 + p14 + p15 + p17 p2 + 2p3 + p5 + p7 + p14 + p15 + 2p17
p2 + 2p3 + p4 + p6 + 2p7 + p8 + p17
2p3 + p4 + p6 + 2p7 + p8 + p14 + p17

p2 + p3 + p4 + p6 + 2p7 + p8 + p14 + p17
p2 + 2p3 + p6 + 2p7 + p8 + p14 + p17 p2 + 2p3 + p4 + p6 + 2p7 + p8 + p14 + p17
p2 + 2p3 + p4 + 2p7 + p8 + p14 + p17
p2 + 2p3 + p4 + p6 + 2p7 + p8 + p14
p2 + 2p3 + p4 + p6 + 2p7 + p14 + p17

p2 + 2p3 + p4 + p6 + p7 + p8 + p14 + p17
2p3 + p4 + p6 + 2p7 + p14 + p15 + p17
p2 + 2p3 + p4 + p6 + 2p7 + p15 + p17

p2 + p3 + p4 + p6 + 2p7 + p14 + p15 + p17
FBM2 p2 + 2p3 + p6 + 2p7 + p14 + p15 + p17 p2 + 2p3 + p4 + p6 + 2p7 + p14 + p15 + p17

p2 + 2p3 + p4 + 2p7 + p14 + p15 + p17
p2 + 2p3 + p4 + p6 + 2p7 + p14 + p15

p2 + 2p3 + p4 + p6 + p7 + p14 + p15 + p17
p2 + p3 + p4 + p6 + 2p7 + p8 + p15 + p17
p2 + 2p3 + p6 + 2p7 + p8 + p15 + p17
p2 + 2p3 + p4 + 2p7 + p8 + p15 + p17 p2 + 2p3 + p4 + p6 + 2p7 + p8 + p15 + p17
p2 + 2p3 + p4 + p6 + 2p7 + p8 + p15

p2 + 2p3 + p4 + p6 + p7 + p8 + p15 + p17
2p3 + p6 + 2p7 + p8 + p15 + 2p17

p2 + p3 + p6 + 2p7 + p8 + p15 + 2p17
p2 + 2p3 + p6 + 2p7 + p15 + 2p17
p2 + 2p3 + 2p7 + p8 + p15 + 2p17 p2 + 2p3 + p6 + 2p7 + p8 + p15 + 2p17

p2 + 2p3 + p6 + 2p7 + p8 + p15 + p17
p2 + 2p3 + p6 + 2p7 + p8 + 2p17

p2 + 2p3 + p6 + p7 + p8 + p15 + 2p17
2p3 + p6 + 2p7 + p8 + p14 + 2p17

FBM3 p2 + p3 + p6 + 2p7 + p8 + p14 + 2p17
p2 + 2p3 + p6 + 2p7 + p14 + 2p17
p2 + 2p3 + 2p7 + p8 + p14 + 2p17 p2 + 2p3 + p6 + 2p7 + p8 + p14 + 2p17

p2 + 2p3 + p6 + 2p7 + p8 + p14 + p17
p2 + 2p3 + p6 + 2p7 + p8 + 2p17

p2 + 2p3 + p6 + p7 + p8 + p14 + 2p17
2p3 + p6 + 2p7 + p14 + p15 + 2p17

p2 + p3 + p6 + 2p7 + p14 + p15 + 2p17
p2 + 2p3 + 2p7 + p14 + p15 + 2p17 p2 + 2p3 + p6 + 2p7 + p14 + p15 + 2p17

p2 + 2p3 + p6 + 2p7 + p14 + p15 + p17
p2 + 2p3 + p6 + p7 + p14 + p15 + 2p17
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Table 8. Control places computed of the net shown in Fig. 6 by Algorithm 2

i Ii
•psi

p•
si

M0(psi
)

1 µ11 + µ12 ≤ 2 t13 t11 2
2 µ8 + µ14 ≤ 2 t8, t16 t7, t15 2
3 µ4 + µ16 ≤ 2 t4, t18 t3, t17 2
4 µ5 + µ15 ≤ 2 t7, t17 t4, t16 2
5 µ6 + µ12 ≤ 2 t6, t13 t5, t12 2
6 µ4 + µ15 ≤ 3 t4, t17 t3, t16 3
7 µ5 + µ8 + µ14 + µ15 ≤ 3 t8, t17 t4, t15 3
8 µ4 + µ8 + µ14 + µ15 ≤ 4 t4, t8, t17 t3, t7, t15 4
9 µ4 + µ5 + µ14 + µ15 ≤ 4 t7, t17 t3, t15 4
10 µ2 + µ3 + µ4 + 2µ16 + µ17 ≤ 5 t4, t5, t18, t19 t1, 2t17 5
11 µ7 + µ8 + µ11 + µ12 + µ14 + µ15 ≤ 5 t8, t9, t13, t17 t6, t7, t11, t15 5
12 µ6 + µ7 + µ8 + µ12 + µ14 + µ15 ≤ 5 t8, t9, t13, t17 t5, t7, t12, t15 5
13 µ4 + µ7 + µ11 + µ12 + µ14 + µ15 ≤ 6 t4, t9, t13, t17 t3, t6, t11, t15 6
14 µ4 + µ6 + µ7 + µ12 + µ14 + µ15 ≤ 6 t4, t9, t13, t17 t3, t5, t12, t15 6
15 µ3 + µ6 + µ7 + 2µ8 + 2µ14 + 2µ15 ≤ 9 2t8, t9, 2t17 t2, 2t7, 2t15 9
16 µ3 + µ5 + µ7 + µ14 + µ15 ≤ 6 t5, t7, t9, t17 t2, t4, t6, t15 6
17 µ3 + 2µ4 + µ6 + µ7 + 2µ14 + 2µ15 ≤ 11 2t4, t9, 2t17 t2, 2t3, 2t15 11
18 µ2 + µ3 + µ4 + µ7 + µ8 + µ14 + µ15 + 2µ16 ≤ 9 t4, t5, t8, t9, 2t18 t1, t6, t7, t15, t17 9
19 µ2 + µ3 + 2µ4 + 3µ5 + µ7 + 3µ14 + 3µ15 + µ17 ≤ 15 t5, 3t7, t9, 3t17, t19 t1, t3, t4, t6, 3t15, t18 15
20 µ2 + µ3 + µ4 + µ6 + µ7 + 3µ8 + 3µ14 + 3µ15 + µ17 ≤ 14 t4, 3t8, t9, 3t17, t19 t1, 3t7, 3t15, t18 14

Table 9. Performance comparison of different control policies

Parameters TGAL in
(Uzam et al.,
2016b)

TGALW in
(Uzam et al.,
2016a)

Our previous
method in (Li
et al., 2017)

Proposed
method

No. monitors 20 23 20 20
No. states 18,512 19,334 19,552 19,571
Permissiveness (%) 94.59 98.79 99.90 100
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Fig. 6. Net model for an FMS.
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