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Abstract: In this paper, a combination of sliding mode control and adaptive backstepping control with a
decoupling algorithm is considered for controlling 2 degrees of freedom underactuated mechanical
systems subject to parametric uncertainties and external disturbances. The stability of the system is
assured by the design steps of the proposed decoupled adaptive backstepping sliding mode control which
are based on the Lyapunov theorem. The effectiveness of the proposed decoupled adaptive backstepping
sliding mode control method is compared against a decoupled sliding mode controller by testing on a
real-life inverted pendulum on a cart system which is a classical testbed for underactuated mechanical
systems. The experimental outcomes justify the proposed decoupled adaptive backstepping sliding mode
controller provides a more satisfying performance compared to the conventional decoupled sliding mode
controller. Besides the proposed method is able to handle parametric uncertainties contrarily to the
decoupled sliding mode control.
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1. INTRODUCTION

The control of underactuated mechanical systems (UMSSs)
has been attracting great interest during the last decades
(Fantoni and Lozano, 2002; Huang et al., 2019; Liu and Yu,
2013; Reyhanoglu et al., 1999; Spong, 1998). UMSs refer to
the systems that have fewer actuators than the number of
degrees of freedom (DOF). A system can become
underactuated by the natural dynamics of the system, by
design to reduce the cost, by artificially induced for a
research purpose, or by actuator failure (Hussein and Bloch,
2008; Spong, 1987; Walsh et al., 1994). Separated from the
cause of becoming underactuated, UMSs present some
advantages including reduction of cost, energy, and
complexity compared to fully actuated mechanical systems
due to lower numbers of actuators. Therefore, UMSs are
widely used in real-life applications like underwater vehicles,
aerospace, and robotics (Olfati-Saber, 2001; Oryschuk et al.,
2009; Woods et al., 2012). However, unlike the fully
actuated mechanical systems, controlling UMSs presents a
more challenging task because of their nonholonomic
constraints (Isidori, 1995).

The inverted pendulum on a cart (IPC) system is a classical
instance of UMSs. The IPC system consists of 2 DOF, both
the cart position and the pendulum angle are controlled by a
single actuator. Also, given its unstable and nonlinear nature,
the IPC system has been a benchmark tool for testing various
kinds of control techniques. Moreover, the dynamics of the
IPC system are fundamental to the maintaining balance
problem and resembles many real systems such as two-
wheeled robots, bipedal walking, humanoid robots, and
rocket thrusters (Anderson, 1988; Jeong and Takahashi,
2007; Kuo, 2007). Therefore, numerous control approaches

such as energy-based control (Astrém and Furuta, 2000;
Siuka and Schoberl, 2009), PID control (Chang et al., 2002;
Subudhi et al., 2012) linear quadratic regulator (Coban and
Ata, 2017; Saco, 2019), backstepping (Deng and Gao, 2011)
and sliding mode control (SMC) (Adhikary and Mahanta,
2013; Coban and Ata, 2017; Lo and Kuo, 1998; Mahjoub et
al., 2015) have been suggested for controlling the IPC
system.

As a robust control method, the SMC has been extensively
used to control nonlinear systems (Slotine and Li, 1991;
Utkin, 1977). The main advantages of the SMC contain fast
response and robustness to external disturbances and model
uncertainties (Utkin, 1992). The key idea of the SMC method
is constructing a suitable sliding manifold that drives the
trajectories to zero within it. The main drawback of the
conventional SMC method is the high-frequency oscillation
on the sliding surface known as the chattering phenomenon
(Lee and Utkin, 2007). Also, the system has to be
transformed into the canonical form to apply the conventional
SMC method to UMSs. To handle this drawback, decoupled
sliding mode control (DSMC) can be employed to control the
UMSs (Coban and Ata, 2017; Lo and Kuo, 1998).
Furthermore, the SMC technique can be combined with other
control techniques such as backstepping and adaptive
backstepping methods to handle parametric uncertainties (Ata
and Coban, 2019; Coban, 2019; Lin et al., 2002).

The backstepping method is a robust control scheme based on
the Lyapunov stability approach (Freeman and Kokotovic,
1996; Kanellakopoulos et al., 1991). The backstepping
approach provides a recursive procedure to dividing the
control problem into a series of control problems for lower
order subsystems and it is natural to combine the
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backstepping method with the SMC (Ma et al., 2006).
Because of its robustness to disturbances and uncertainties,
the backstepping sliding mode control (BSMC) is an active
research area in recent years (Ata and Coban, 2019; Coban,
2019; Liu et al., 2020). However, determining the upper
bound of external disturbances is a challenging task for
designing the BSMC. To address this problem the adaptive
backstepping sliding mode control (ABSMC) approach can
be employed in controller design (Lin et al., 2002; Wu and
Lu, 2019).

An adaptive backstepping sliding mode control approach for
nonlinear uncertain systems is suggested in (Coban, 2019) to
obtain a chattering-free control and overcome parametric and
unstructured uncertainties. However, this method is designed
for a second-order, single input-single output nonlinear
electromechanical system and it cannot be directly applied
to fourth-order underactuated nonlinear systems with single
input and 2 DOF. A decoupled backstepping sliding mode
control design method is proposed in (Ata and Coban, 2019)
to control underactuated systems under uncertainties. Yet,
this method needs prior knowledge of the upper bounds of
uncertainties and disturbances. This paper presents a
decoupled adaptive backstepping sliding mode control
(DABSMC) approach to control 2 DOF UMSs subject to
parametric uncertainties. The proposed method can be
applied to UMSs directly due to its decoupling nature. Also,
the proposed method removes the need for prior knowledge
of the upper bounds of uncertainties on the decoupled
backstepping sliding mode control design by employing an
adaptive scheme. The proposed approach has been tested on a
real IPC system to validate the effectiveness and performance
of the DABSMC method for a class of UMSs. This class of
UMSs is featured as a fourth-order underactuated nonlinear
system with single input and 2 DOF. The proposed method
will fail when it is applied to the systems higher than fourth-
order as a consequence of the two-level control system model
of the DSMC approach (Lo and Kuo, 1998).

The rest of the paper is structured as follows. Section 2
introduces the dynamics of the IPC system considered in the
paper. In section 3, the ABSMC method is presented and the
design procedure of the DABSMC approach is introduced.
The proposed DABSMC and the conventional DSMC
methods are compared and the experimental results are
presented in section 4. Conclusions of the study are reported
in section 5.

2. DYNAMICS OF THE IPC SYSTEM

The IPC system is a classical benchmark problem for UMSs.
It consists of a cart and a pendulum that is attached to the cart
as shown in Fig. 1. Therefore, the IPC system has 2 DOF;
one for the horizontal movement of the cart and one for the
angular movement of the pendulum. Only the horizontal
motion of the cart is actuated in the IPC system. The
rotational motion of the pendulum is indirectly controlled by
the movement of the cart.

Consider the cart displacement from the initial position as x
and the angular displacement of the pendulum from the

vertical position as @. Using the Euler-Lagrange method
while including the effects of cart friction and pendulum
damping, the equation of motions for horizontal motion and

rotational motion can be derived as (Ata and Coban, 2017).
X
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Fig. 1. Parametric representation of the IPC system.
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where M is the mass of the cart; b is the cart friction
coefficient; | and m are the length and the mass of the
pendulum, respectively; d is the pendulum damping
coefficient; | is the moment of inertia; F represents the
force applied to the cart as control action and g is the

acceleration due to gravity.

Since the cart is actuated by a DC motor in real-life
applications, adding the motor characteristics to the IPC
system model will provide a more realistic system design
(Kennedy et al., 2019). The input of the IPC system is equal
to the DC motor voltage of the cart. The input voltage v(t) is

converted to driving force F(t) according to the equation
(Ata and Coban, 2017):

%R () + () 3)
r

m-m m-m

Ft)=—

where K, is the back-electromotive force constant; K, is the
motor torque constant; n, and n, are gear ratios; R_ is the
motor armature resistance and r, is the radius of the pulley.

Substituting the voltage-force conversion in (3) into
equations of motions in (1) and (2) by defining the system

states  [x x, x, x,]' as [xx@6] and considering
u(t) =v(t), one can get the state equations of the IPC system
as follows (Ata & Caoban, 2019):
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X =X,
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+6,(t)

where

a, =—(1+mi") (b+(K,Knn,)/ (R,r2))
a,=m’l’g
a,=—(1+ml*)ml
a, =-mld

a, =(1+ml*)(b+(Kn)/(R,r,))
mi (b+ (K, K,nn,) / (R,12))
a,, =(M+m)mgl

ans ==
a, =ml’

a,=(M+m)d

an9 = ml ((Klnl)/(Rmrm))

a,, =(l+ml*)(M +m)

a,, =m’l%

g (t) and o (t) stand for the overall external disturbances and
o, and @, are constants refer to the parametric uncertainties.
a(t) and o,(t) are considered to be bounded as |§(t)| <q,,

and |62 (t)| S ézmax b
3. DESIGN METHODS

In this section, the ABSMC method is presented and the
design procedure of the DABSMC method for UMSs is
introduced. The stability analysis of both methods is based on
Lyapunov theory and sliding modes features.

3.1 Adaptive Backstepping Sliding Mode Control

The dynamic model of a second-order, single-input single-
output nonlinear system considered further is:

X (1) =X, (1)
X, (1) = g(x,1) + 7 (x, t)u(t) +o(t) (®)
y(®) =x()

where x=[x,x,]" is the state vector, y(t) is the output,
#(x,t) and y(x,t) are nonlinear functions, u(t) is the
control input, and, o(t) is the total amounts of unmatched
uncertainties and external disturbances.

The control objective is to design an ABSMC law to track the
desired output y,(t). Assume that not only the desired

output y, (t) but also its first two derivatives with respect to
the time y, (t), ¥, (t) , are available and all bounded functions

of time. To achieve the control objective, the tracking error
can be considered as

() =y -y, ®

6
— % (0)-, (1) ©

The time derivative of the tracking error z, (t) results in

Z,(t) = %, (t) = ¥, (0). ()

Since the main idea of the backstepping is to use some of the
state variables as virtual controls, x,(t) can be considered as

a virtual control signal. The desired value of the virtual
controller is called the stabilizing function in the
backstepping design (Kristic et al., 1995). Defining a
stabilizing function as

a 0= €.z, ®) (8)

where ¢ is a positive constant and considering
X,t)=z,t)+y,(t)—,(t) as a virtual controller yield
,O)=x,@t)-y, )+ () as illustrated in Fig. 2.
Accordingly, the second-order nonlinear system in Fig. 2 can
be written as

X (1) = $(x,1) + 7 (X, 1)z, (t) + (1)
X, (t) =u(t)
y(® = %)

Also note that an intermediate variable can be defined as
a,(t) =, (t)—y,(t) and this variable can step back through

the integrator as shown in Fig. 3 (Kristic et al., 1995). This is
why this control design technique is known as
“backstepping”.

The first term of the Lyapunov function candidate can be
selected as

1
Vi(t) = 7 z/(t) 9)
and the time derivative of V,(t) can be derived as

V,(t) = 7,(t)2,(t)
=2,(t) (%, () - ¥, (1))

(10)
=7,[t)(z,(t) ~ e (1))
=z,(t)z,(t) - C1212 (t).
In the next step, considering a switching function as
o(t) =kz,(t)+z,(t) (11)
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where k, is a positive constant, the Lyapunov function 1, ot)>0
candidate can be expanded as sgn(o(t)) =<0, o(t)=0 (16)
1 -1 o(t)<0
V,(2) =V,(2) + o (1). (12)
2 Using the control law proposed in (15), the derivative of the
V,(z) can be rewritten as
X5 Second-Order X,
Nonlinear Sys .
e V,()=2,02,0) -2 (O -ho* ) -hp | o(t)|
+o(t)o(t)-6(t) [o(t)|
<z,0)z,(t)-cz’ () —ho’ () -hB|o(t) | (17)
., +la@® (o) [-5())
Jd
<z,(t)z,(t) -z’ () —ho*(t) -hB|o(t) .
Fig. 2. Introducing the stabilizing function ¢,(t) and the  The derivative of the V,(z) in (17) may be rearranged as
error variable z,(t). .
V,(2)=-2'Qz-hp| o) <0 (18)
X, Second-Order X,
Nonlinear System where z' =[z, z,] and Q is a symmetric matrix as
c,+hk? hk -1/2
— 1 1 1 . 19
Q {hk1—1/2 h } (19)

Fig. 3. Backstepping ¢, (t) through the integrator.

By virtue of (5), the time derivative of z,(t) can be
expressed as

2,(t) = %, (t) = ¥, () + &, (1)

R . (13)
=g(x. 1)+ (X, u(t) +o(t) — ¥, (t) + a, ().

Using (10) and (13), the time derivative of V,(z) can be
derived as
V,(2) =V,(2) + o (t)5 (1)
=7,(1)z,(t) -,z ) + o (t)S(t)
=2,(1)z,() - ¢z’ () + o) [k 2 1) +2,(1)]
=2,0)z,() -2 () + o[k, (z,) —cz,1)) ]
+a () [#(x, 1) + 7 (x,Du(t) +o(t) - Y, (t) + & (1) ]-

(14)

The BSMC law can be defined to assure that V,(z) is

negative definite as follows (Lin et al., 2002):

Lt

y(x.1)
1

+m|:yd (t) _dl(t) - h(U(t) +ﬂsgn(0(t))):|

Ugs (1) = [k (z, () —c.z,(1) - 4(x, 1) =3 (D)sgn (o (1))]

(15)

where h and g are positive constants, the uncertainty o(t)
is assumed to be bounded |o(t)|<o(t), and, the signum
function sgn(o(t)) is

The symmetric matrix Q has to be positive definite to ensure

that V,(z) is negative (Coban, 2019). Sylvester's Theorem

states that a sufficient and necessary criterion to guarantee a
symmetric matrix Q to be positive definite is that all the

principal minors of it have positive determinants (Ge et al.,
2002). Selecting proper values for the constants h, c , and,

k, guarantees that Q is positive definite:

QU= hie, + k) —(nk, ~1/2) 20
=hc, +hk -1/4>0.

According to Barbalat's lemma, defining W (t) =-V,(z) can
show W(t) leans to 0 as t —» o« (Koshkouei and Zinober,
2000; Slotine and Li, 1991). Hence, z, and z, converge to 0
as t— oo, It indicates that IJDJ yt)=y, and IL“Q x(t) =y,

(Lin et al., 2002). Therefore, the asymptotic stability of the
BSMC system is ensured.

One of the important advantages of the BSMC method is
insensitivity to the matched uncertainties. However,
unmatched uncertainties generally exist in experimental
environments. The uncertainty o(t) is an unknown parameter

and determining the upper bound of uncertainty a(t) is a

challenging part of the BSMC design. To address this
problem an adaptive mechanism can be combined with the
BSMC method (Wu and Lu, 2019). In this approach,
uncertainty has to be estimated and satisfied by an adaptive
law to reach a robust tracking performance (Dong and Tang,
2014). Hence, an adaptive law can be used to adjust the
uncertainty o(t) (Lin et al., 2002):
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3(t) = o(t) —5(t) (21)
and
3(t) = d(t) —&(t) = —5(t) (22)

where 6(t) is estimation and 6(t) is estimation error. Using

the adaptive law, a new Lyapunov function candidate can be
defined as

V,(2)=V,(2) +2—1§62 ®) (23)

where £ is a positive constant. The time derivative of V,(z)
can be derived with the help of (17) as

V,(2) =V, (2) + écs(t)é(t)
=1 (t)zz (t) - Clzlz (t) + O-(t) [k1 (Zz (t) -Gz (t))]
o[ + (DU + o8~ T, + ()]
—éa(t)é(t) (24)
=1 (t)zz (t) - Clzlz (t) + G(t) [k1 (Zz (t) -Gz (t)]
o001 + (DU +6() -, +d, (1)]

1 .
—=o8(t)(6(t) - Eo(t) ).
L0 (i0-£000)
Considering the adaptation law é(t) as

3(t) = &o(t),

an ABSMC law can be designed as follows (Lin et al., 2002)

(25)

U () = =<~k (2,0 ~C.2, ()~ 9O ~50) + §, — ]
7(®) 26)
+%[—h (o) + psan(c(®)))]
Substituting (26) in (24) yields
Vi(2) =z,0)z,() -z ~ho* ) ~hBl o). 27
The derivative of the V,(z) may be rearranged as
V,(2) ==2'Q,z=hp| o(t) <0 (28)
where z' =[z, z,] and Q, is a symmetric matrix as
c,+hk? hk —1/2
QA::{hkl—1/2 h @)

Similar to (19), choosing proper values for the constants h,
c,, and, k guarantees that all the determinants of principal

minors of Q, be positive. Hence, the symmetric matrix Q,

will be positive definite according to Sylvester's theorem. It
indicates that the closed-loop system will be asymptotically
stable by using the ABSMC according to Barbalat's lemma.

The design steps of the ABSMC approach are summarized in
Fig. 4.

: System states z(¢) and z3(t);
System functions ¢(¢) and ~(t);
External disturbance €(t);
Desired output y,(t);
Controller parameters cq, ki, £, h and 3
Output: The ABSMC output uags(f)

Zl(t) =TI (f) - yd(t)

ay(t) = c121(t)

20(t) = x2(t) — ga(t) + ay (1)

Vi(t) = 522(t)

(’I(f’,) = klzl(?‘) + 52(t)

Va(2) = Vi(2) + 30°(t)

é(t) = e(t) — é(t) .

€(t) = é(t) — e(t) = (1)

Va(2) = Va(2) + 2:€(1)

é(t) = &a(t) .

uaps(t) =g [k (z2(0) = e121(0) = 6(t) = &(0) + i = 1]
+ ﬂ,g_t) [=h(o(t) + Bsgn (a(t)))]

12 return uapg(t)

Input

Fo R T SN I C I

[
[=]

11

Fig. 4. Algorithm of the ABSMC method.
3.2 Decoupled Adaptive Backstepping Sliding Mode Control

The ABSMC design is able to be utilized on systems that
may be described in the canonical form and it cannot be
applied to UMSs directly. Consider a fourth-order
underactuated nonlinear system with single input and 2 DOF
as follows:

X (t) = x,(t)

X, (t) = 4, (%, 1) + 7, (x,t)u(t) +q (t)
X, (t) = X, (1)

X, (1) = ¢, (%, 1) + 7, (x,)u(t) +&,(t)
Y, (1) =x

Y, (1) =x,

(30)

where x=[x,X,,X%,,X,]" is the state vector; y=[y,,y,]" is
the output; ¢(xt), 7(Xt), &(xt).and p(xt) are
nonlinear functions; u(t) is the control input, and, g (t) and
o, (t) are the sum of the unmatched uncertainties and external
disturbances.

To design an SMC law for an underactuated system such as
described in (30), the DSMC approach can be used (Ata and
Coban, 2019; Lo and Kuo, 1998). The key concept of the
DSMC is decoupling the UMSs into two different subsystems
and controlling both sub-systems simultaneously using only
one control input. A DABSMC law for UMSs can be
designed using the presented ABSMC method.



CONTROL ENGINEERING AND APPLIED INFORMATICS

50

The control objective is to design a DABSMC system for the
outputs vy, (t) and vy,(t) of the system to track the desired

outputs vy, (t) and vy,,(t). Note that the signalsy,(t),
y,,(t), and their first two derivatives are available and they
are considered as bounded functions of time.

To achieve the control objective, two different tracking errors
can be defined. Considering the first tracking error as

Z, (t) =Y, (t) - ydl(t)

(1)
=% (0= Yu®)
and time-derivating it yields
2,(t) = %,(t) = ¥, (1) (32)
Defining a stabilising function as
o, (1) = €5,2, (1) (33)
where ¢, is a positive constant and letting

X, (1) =z,(t)+y,,(t) —,, (t) asavirtual controller result in

Z, (t) =X, (t) - y(n(t) +ay, (t) (34)
Similarly, the second tracking error can be defined as
z,(t) = %, (t) = ¥,, (V). (35)

The time derivative of the tracking error z_(t) results in

2,(t) = %, () = ¥, (V). (36)
Defining a stabilising function as

0, (1) = €52, (1) @37
where c,, is a positive constant and considering
X, () =z,@t)+y,,({t)—«a,,(t) asa virtual control, one has
2,0) =%, (0~ Yor () + 0, 0 (38)

as shown in Fig. 5. Accordingly, the fourth-order nonlinear
system in Fig. 5 can be written as

X, (1) = %, (t)

X, (1) = (x ) +7,(x)z,t) +q (1)
% (1) = 4,(x,1) +7,(x. D)z, [O) +o,(t)

x,(t) =u(t)
Y, (t) =X
Y, (t) =X

Also note that an intermediate variable can be defined as
ay, ) =a,,(t)-y,,(@t) and this variable can step back

through the integrator as illustrated in Fig. 5 (Kristic et al.,
1995).

Xy Fourth-Order |4,
Nonlinear System |
Yaz

Fig. 5. Introducing the stabilizing function «,(t) and the
error variable z,(t).

Fourth-Order X

Nonlinear System >

Fig. 6. Backstepping &, (t) through the integrator.

To design a DABSMC law, the first term of the Lyapunov
function candidate can be chosen as

Vor ) =5 230 (39)

The time derivative of the function Vp, (t) can be written as
le(t) =13 (t)23 ()

= 25(1) (X4 (1) — Vg2 (1))

= 25(1) (24 ()~ ap, (1))

= 75(t) 24 (t) — Cp, 257 (1).

In the next step, two different switching functions can be
chosen

(40)

op1(t) =Kpz1 (1) + 2, () (41)
and
op2(t) =Kpoz5(t) + 24 (1) (42)

where kp, and kp, are positive constants and the Lyapunov
function candidate can be extended as

Vp2(2) :VDl(Z)_"%O_[Z)Z ®. (43)

With the help of (30), the time derivative of z,(t) can be
expressed as
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2,(t) = X4 (t) = Vg2 () + ap, (1)
= ¢ (X, 1) + 72 (X, U () + 0, (t) — Yo (1) + ap (V).

Using (40) and (44), the time derivative of V,(z) can be
derived as

(44)

V2 (2) =V (2) + 0, (1) (1)
= 23(t)24 (1) — €223 (1) + 02 (NS (1)
= 23(t)24 (1) — 225 (1) + 02 (V) KpoZa (t) + 24 (1) ] 5
= 25(t) 24 (t) — Cp225 (1) + 0y (1) [Kp2 (24 (1)]
+0p (1) ~Cp2Z3 () + 6, (X, 1) + 75 (X, () + &, (1) ]
+0p, (t)[_de O +ap; (t)]-

The BSMC law can be chosen to guarantee \/Dz(z) is
negative definite as follows:

Upes (1) = %[_koz (24()~ Cor2a(0) > 0]

S 05000 ) + Voo O —Goo®]  (46)

(t)

(t) [ h (o2 (t) +/5D39n(UD2(t)))]
where hy and fp are positive constants and uncertainty
O, (t) is assumed to be bounded as |, (t) |< &, (t) .

Substituting (46) in (45) results in
Vi(2) = 23()24(t) — €325 (1) — hp oy (1) ~hp B | o, (1) |
+0, (D)o (1) =G, (1) [op, () |
< 25(1)24 (t) ~ Cpy25 (1) =N ohy (t) — o Bp [ o, (1) | (47)
+lopa (0110 (1) [ -5(1)
< 73(1)24(t) —Cpy25 (1) —ho o2 () —hp Bp | o, (1) |

The derivative of the V5, (z) in (47) may be rearranged as

V2 (2) =~2"Qpz~hp fp | o2 (1) I<0. (48)

where z' =[z; z,]and Qp isa symmetric matrix as

0 =| Co2 + ok thDZ—lIZ}. @9)
hokpy —1/2 ho

Noting that

| Qo I=hp (ep + Mokps) — (hokpz ~1/2)* (50)

and choosing proper values for the constants hy, cp,, and,
kp, Yyields all the determinants of principal minors of Qp
being strictly positive. Therefore, according to Sylvester's

theorem, it is guaranteed that the symmetric matrix Qg is
positive definite. As a result, VD2(2)<O is guaranteed.
According to Barbalat's lemma, since z; and z, converge to
0 as t tends to infinity, the asymptotic stability of the BSMC
system is assured.

In the BSMC law proposed in (46), the uncertainty o,(t) is
assumed to be bounded as |9, (t) |<&,(t) . Since it is difficult
to determine the upper bound of the uncertainty o,(t) , an
adaptation law can be proposed as

5(t) =% (1) -6(1) (51)

where §,(t) is estimation error and &,(t) is estimation. To

design an ABSMC law, a new candidate Lyapunov function
may be selected as

Vos(2) =Voo @) + 5 ) (52)

D

where &y is a positive constant. Using the adaptive law

proposed in (51) and noting (ﬁz(t) =62(t)—82(t) = —éz(t) , the
time derivative of Vp3(z) can be derived as

Vps(2) =Vp, (2) + f_ (t)oz ®

=23(t)z, () - Cozz3 ®)

+0p2 (1) ko2 (23 (1) = Cpp 25 (1)) ]

+0p) (t)[¢2 () + 7, (U) +6, (1) = Vg2 + apy (t)]
1 .

=& 06t
: 6 (1), (1)

D

(83)

=25(t)24 (1) — Cpp25 () +
+0p2 (1) Kp2 (24 (t) —Cp223(1)) ]
+01 O 2 (X) + 72 OU) + 6, (1) = Vg, + dpo (1) ]

0[50 - f000).

D

Defining the adaptation law éz(t) as

&(t) = £50p2 (1), (54)
an ABSMC law can be proposed as
Upags (t) = 1(t) [ 02 (24(t) —Cpy23 (t))]

(t) ) =6 (1) + Vg2 — O‘Dzj (55)

+ (t)[ hp (O-Dz(t)+ﬁDSgn(O-D2(t))):|
72

Substituting (55) in (53) yields
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Vis(2) = 2,(1) 2, (1) — ¢y 2 —hpop,” (1) —hp Bp | op, (1) . (56)

The derivative of the Vp;(z) in (56) may be rearranged as

vDS(Z) = —ZTQDAZ_hDﬁD |opa(t) <0 (57)

where z' =[z; z,]and Qp, isasymmetric matrix as

oy +hpk3, hkp, —1/2
Qoa = :

(58)

Similar to (50), choosing proper values for the constants hy ,
Cp,. and, kp, guarantees the symmetric matrix Qp, IS

positive definite. It indicates that the asymptotic stability of
the system is ensured by using the ABSMC according to
Barbalat's lemma.

To design a DASMC law, the switching function op,(t) in

(42) can be reconstructed as a decoupled function as
ops (1) =Kp2 (z3() —zp (1)) + 24 (59)

where z,(t) is a value transferred from o, (t) in (41). The
intermediate variable zp (t) can be defined as

Zp(t) = sat(az;(t)J zy

D

(60)

where z, is the upper bound of zy(t) as a constant bounded
0<1zy <1, Ap is the boundary level as a constant, and the
saturation function sat(z) is

sat(y) = {Sgn(n), 1721

61

z, ensures opg(t) will be limited, and when the switching
function o, (t) converges 0, opg(t) will be driven to zero
too, thanks to z.

Consequently, replacing the decoupled function opg in (59)
into (55) gives a DABSMC law for UMSs as

Upagsmc (1) = 1(t) [ 02 (24(t) —Cp,23 (t))]
[ G (O) =6 ) + Vg2 — aD2:| (62)
2(t)
+ }/21(,[) |:_hD (O'Ds ®+ ﬂDSgn(O'Ds (t)))]
with the adaptation law
& (t) = £50ps (0). (63)

The design steps of the proposed DABSMC method are
summarized in Fig. 7.

: System states w1 (t), zo(t), x3(t) and z4(t);
System functions ¢»(t), v2(t);
External disturbance e;(t);
Desired outputs yq () and yq2(t);
Controller parameters cpy, cp2, kp1, kpa,
Ep, hp, Bp, Ap and zy

Qutput: The DABSMC output upapsac(t)

z1(t) = z1(t) — yar (1)
a1 t) = 61)141( )

) =
(

z(t ;= 2(t) — 91 (t) + ap (t)
(

Input

z3(t) = a3(t) — yaz(t)
apa(t) = epazs(t)
z(t) = J"4(f) = Yaz(t) + apa(t)
Vo (1) = 323(¢)
G’Dl(f) = lez,l(f) + Zg(t)
G’Dz(f) = kpaza(t) + z4(t)
Vpa(z) = Vpi(z) + CFDZQ(f)
Lt am” ™
€2(t) = €x(t) — 4(t) = —€x(t)
Vpa(z) = Vpa(z) + i522(75)
zp(t) = sat ("L[()”) 2y
ops(t) = kpa(23(t) — 2p(t)) + 24
Cl)(f) = fﬁps(t)

upapsmc(t) :ﬂ’%() [—kpa (za(t)

© W N e W N =

T
- O

e =
@ o [ 22 N

— cpaz(t))]

17 [—da(t) — éa(t) + Jaz — cpa]

(f)

(") [—hp (eps(t) + Bpsgn (aps(t)))]

18 return upapsiyc (t)

Fig. 7. Algorithm of the DABSMC method.
4. EXPERIMENTAL RESULTS

The proposed DABSMC scheme is applied to a real IPC
system in order to validate performance and robustness of it.
Using the control law proposed in (62) a DABSMC law for
the IPC system introduced in (4) can be designed. Since the
control object is defined as stabilizing the pendulum in the
vertical position while bringing the cart to the desired
position; tracking errors z;(t) and z;(t) may be defined as

7 (t) =x—y4 () and z3(t) =6 —yy,(t), respectively. Also,

a saturation function can be employed in (62) instead of the
signum function to avoid chattering. Eventually, a DABSMC
law for the IPC system introduced in (4) is given by

Uppgsmc (1) = %[—koz (24(t)—Cpy2s (t))J

[ 6,0 =& (1) + Vg2 ] (64)

2(t)

1
+_
72(t)

with the adaptation law

|:_dD2 —hp (O'Ds t+ ﬂosat(O'Ds (t)))]

& (t) = £pops ()

where

(65)
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@ (@y5X; COS(Xg) + a6 SIN(X3) + 87X, )

(1) =

2
8mp — 8y COS (X3)

, ©ang cos(x3) Sin(xg )X}

2
Ay — 8y COS (X3)
and

8 COS(X3)

72(t) = -
’ 8m1 —8m2 COSZ (X3)

The proposed control method is experimentally compared
with the DSMC method (Coban and Ata, 2017). To design a
DSMC law for the IPC system, the first switching function
o5 (t) can be defined as

51 (1) = My (%, () = Ya1) + (34 (1) = Ya) (66)

where m, is a positive constant. Based on og(t), the
intermediate variable zg(t) can be defined as

z5 (t) = sat(og, (1) / As)zys (67)

where Ag is the boundary level and z,¢ is the upper bound
of zg as constants. The decoupled switching function
o, (t) can be constructed using zg (t) as

52 (1) = My[ (X3 (1) — Ya2) — 25 (1) |+ (X5 (1) = V) (68)

where m, is a positive constant. Consequently, the DSMC

law for the IPC system can be designed as follows (Coban
and Ata, 2017):

The experimental tests are carried out on Feedback
Instrument's digital pendulum system (Feedback Instruments,
2006a). The experimental setup and the block diagram of the
proposed control system are presented in Fig. 8. and Fig. 9,
respectively. A PCI 1711 Advantech card installed PC serves
as the main control unit on the experimental setup. The
control signal is transferred to the Digital Pendulum
Controller (DPC) using a Digital Analog Converter (DAC).
The pendulum angle and the cart position signals are
transferred to the DPC and then to the PC by an Encoder. The
sample times of the DAC and Encoder are set as 0.001s by
default (Feedback Instruments, 2006b).

The selected control task consists in maintaining the stability
of the pendulum in the upward position while moving the cart
to the desired position. During the experiments, total
parametric uncertainties of the system are considered as @,
and no external perturbation is added into the system. For all
experiments, the initial conditions are selected as
[Xo % 6 61" =[000.10]" . The expected outputs of the cart

position and the pendulum angle are selected as

Yq1 =0.3mand y,, =0rad , respectively. Since the values of
the desired outputs, yy, and y,, are constants their first and

second derivatives with respect to the time are available and
considered as 0.

1 ,
Us (1) = ———[-m, 25 (1) -, (x.1) - Ksat(os,) | (69)
72 (X, t)
where K is a positive constant.
_____________ ﬁezoap_lir;g-: DABSMC : Parametric Uncertainty
Switching Algorithm !
— ‘\
Function 1 “p : ~ ' 'L
1| Backstepping Sliding Mp.assig X
:r Mode Controller : X,
| o UMS X,
I AN >
l | \N\I Xy
Switching  ['op | . N
iO» Function2 || Adaptive Law =
| _ - --m - -— - _ _ - ____C I

Fig. 9. Block diagram of the proposed controller.

The DABSMC parameters are chosen as ¢y, =0.2, cp, =4,
kD1:O'5’ kD2:4O’ gD :1, hD :10, ﬂD:3, ZU:O'97
and Ap =6 using the

trial-and-error method with

considering the best likely performances in terms of tracking
error and response time. Also, the DSMC parameters are
selected as m; =1, m, =40, K=30, z, =097 and
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Ag =6 to achieve the best control performance considering

the tracking error and response time by trial-and-error. The
IPC system with DC motor parameters are considered as

follows: M =23kg, b=0.00005Ns/m, m=0.2kg,
| =0.3m, d =0.005Nms/rad , | =0.009kgm?,
g=98Im/s?>, K,=005, K, =005 R=25Q,

n =18.84, n, =0.986, and, r=0.0314m (Ata and Coban,
2017; Feedback Instruments, 2006a)

In the first test, both the DSMC and the DABSMC methods
are applied to the IPC system with @, =1. Thus, no
additional parametric uncertainty is added into the system
and the test is carried out on the own parametric uncertainties
of the IPC system. The cart position, pendulum angle, and
control input for both methods are presented in Fig. 10, Fig.
11, and Fig. 12, respectively.

0.35

DABSMC

DSMC

| 1 . L 1 1 1

0 2 4 6 8 10 12 14 16 18 20
t(s)

Fig. 10. Linear displacement with the parametric uncertainty
COZ =1

In the second test, both the DSMC and the DABSMC
methods are applied to the IPC system with the parametric

uncertainty @, =0.8. The cart position, pendulum angle, and

control input for both methods are presented in Fig. 13, Fig.
14, and Fig. 15, respectively.

01t E
0.08}
0.06 |- B
o 0.04f
= 002

-0.02

DABSMC
DSMC T

-0.04
-0.06 1 . !

10 12 14 16 18 20
t(s)

Fig. 11. Angular with the parametric

uncertainty @, =1.

displacement

DABSMC
DsMmC

0 2 4 6 8 1‘0 12 14 16 18 20
i(s)
Fig.12. Control signal with the parametric uncertainty
w, =1.

Both the DABSMC and the DSMC methods are managed to
control the pendulum on the vertical position as shown in
Fig. 11. However, the chattering in the control input is
slightly higher in the DABSMC as shown in Fig. 12.

Table 1. The DSMC/DABSMC performance ratios.

Tracking Error IAE ISE ITAE ITSE
Cart Position (m) 1.148 1.266 1.129 1.466
Pendulum Angle (rad) 1.134 1.248 1.094 1.26
Control Signal (V) 0.889 0.854 0.863 0.825
0.35 T T T T T T T T T T T T T T T T T T
0.3 01
0.25 -
02 J 0.05
E 0.15 T E
01 - 0 K - R ek "
0.05 4
DABSMC 005 DABSMC |
0 DSMC DSMC
-0.05 . L L L L L L L L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
1(s) t(s)
Fig. 13. Linear displacement with the parametric uncertainty ~ Fig. 14. Angular displacement with the parametric

w, =0.8.

uncertainty @, =0.8.
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DABSMC
DISMC

0 2 4 [ 8 10 12 14 16 18 20
t(s)
Fig. 15. Control signal with the parametric uncertainty
w, =0.8.

Fig. 14 clearly shows that the DSMC can stabilize the
pendulum at the vertical position but it completely fails to
manage to stabilise the cart at the desired position as
presented in Fig. 13. Contrarily, the DABSMC overcomes
the parametric uncertainty and manages to control the cart
position at 6.657 s settling time with 4.457 percent overshoot
and 11.349 percent undershoot. However, it cost lightly
higher chattering in the control signal as shown in Fig. 15.

The performance of the controllers can also be measured by
the performance indices which use the tracking error with the
evaluation time, generally. Some of the error-based
performance indices are formulated as follows:

T
e Integral Squared Error (ISE):I e?(t)dt
0
T
e Integral Time Squared Error (ITSE):I te? (t)dt
0
T
e Integral Absolute Error (IAE): I k()| dt
0

T
e Integral Time Absolute Error (ITAE):J- t|e(t)|dt
0

where t is time bounded as t<T and e(t) is the tracking

error. The experimental tests are carried out for 20s. Hence,
T is considered as 20sin performance indices analysis. The
DSMC/DABSMC performance ratios based on performance
indices with parametric uncertainty @, =1 are given in Table

1. The magnitudes of all performance indices for cart position
and pendulum angle are smaller in the DABSMC rather than
the DSMC as shown in Table 1. Consequently, the DABSMC
produced a more accurate control input than the DSMC.

5. CONCLUSIONS

In this paper, the design and implementation of a decoupled
adaptive backstepping sliding mode control (DABSMC)
approach are presented to control 2 degrees of freedom
underactuated mechanical systems subject to parametric
uncertainties and external disturbances. The proposed
DABSMC method keeps the merits of the adaptive
backstepping control and sliding mode control to design a
robust controller against the parametric uncertainties.
Moreover, it can be directly applied to underactuated

mechanical systems due to its decoupling nature. The
effectiveness and robustness of the proposed DABSMC are
confirmed by experimental tests on a real-life inverted
pendulum on a cart system. The experimental results justify
the satisfying performance of the proposed method. Also, the
experiments show that the proposed DABSMC approach
presents robustness against the parametric uncertainties
compared to the conventional decoupled sliding mode
control.
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